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Abstract

We solve in closed form the optimal investment strategy of an infinitely lived risk neutral hedge
fund manager compensated by a management fee and a high water mark (HWM) contract. The
fraction of asset under management (AUM) allocated in equity is a convex increasing function
of the distance to the HWM as moving away from the HWM is increasingly bad news both for
management and incentive fees. This convexity effect is enhanced by the size of the incentive fee
rate. The higher the management fee rate, the larger the risk exposure, as the revenue insurance
effect gets magnified. Frequently beating by a small amount the HWM is optimal as it mitigates
the ratchet feature of the HWM. Data seem to support the theoretical predictions of the model:
returns’ volatility is strongly related to distance to the HWM: being 20% underwater is associated
with an increase of 192 bps in the ex-post returns’ volatility. Also consistent, the time elapsed
between hits and the extent to which the fund surpasses the HWM both increase with distance to
the HWM. An extension shows that a fund termination threat reduces risk taking behavior as the

fund drifts away from the HWM, which is consistent with our empirical findings.
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1 Introduction

As of the third quarter of 2016, the hedge fund industry was managing an estimated wealth of $2
98 trillion, a slight decrease compared to the pinnacle of $3.02 trillion reported in December 2014.
Hedge funds are exempt from many regulatory rules to which the financial industry in general must
abide such as, for the case of the United States, the Investment Company Act of 1940, which is an
extensive regulatory code!. Increased investment opportunities allow managers to implement more
flexible strategies and make full use of their talent to deliver profits, which should entitle them to high
rewards. Hedge fund managers’ compensation exhibits two key features: a management fee, usually, a
fraction of the assets under management (AUM) and a performance-incentive fee, typically, a fraction
of the fund profits is paid to the fund manager when profits exceed a target value, the high water
mark (HWM). The incentive fee intends to align the interests of managers with those of investors:
the HWM aims at ensuring that the fund managers’ reward is commensurate to performances while
keeping track of the history of the fund profits, more specifically, its all time high value ever reached.
It can be adjusted to incorporate a minimum return required on the fund, for instance to account for
inflation as well as each time some fund inflows or outflows take place. The HWM is a specific feature
of the hedge fund industry?: The standard remuneration for hedge funds is so called the “2/20-rule”,
2% per year of the AUM3.

In this paper, we study the optimal investment strategy chosen by an infinite lived risk neutral
fund manager who earns a management fee as well as a performance fee as previously described. Our
baseline model is essentially an extension of the work of Panageas and Westerfield (2009) that accounts
for the impact of a management fee rate. In practice, the management fee plays an important role: it
will be very difficult for a fund to operate on a daily basis by only relying on bumpy and infrequent
hikes in income earned when the HWM is hit*. Our motivation is twofold. First we are interested in
the combined effect of a management and a performance fees on the level of risk exposure of the fund,
in particular how the latter varies with the distance to the HWM, and, on the size of the incentive fee
earned each time the HWM is surpassed. Second, using data from the Hedge Fund Research database
of monthly observations of returns of both active and liquidated hedge funds over the 1976-2013 period,
we test the empirical implications of our model.

Our main result is to show an increasing convex relationship between risk exposure of the AUM
and the distance to the HWM. The farther away the fund drifts from the HWM, the smaller the size

'The Security and Exchange Commission (SEC) limits the use of short sales, derivative contracts, asset concentration
for mutual funds in an attempt to protect investors from high risk investment strategies.

2Eighty four pecent of the funds tracked by the HFR Database have a HWM provision.

3The fee structure of the typical fund in our data is 1.479 % / 18.309 % and 20 percent of profits in excess of the
HWM. Other common fund fee structures include: “1/50-rule”.

4Lan, Wang and Yang (2013) point out that management fees contribute to the majority of total management
compensation and report calibrations in which three quarters of the fund manager’s compensation are due to management
fees. Calibrations performed in Goetzmann, Ingersoll and Ross (2003) reveal that total lifetime fees could represent 30
up to percent of the value of the AUM, with nearly two third of the cost being due to the management fee.



of the management fee earned and the present value of the incentive fee, which triggers a rise in risk
taking behavior by the manager. The economic magnitude is of the effect in the data is large: being
20% underwater is associated with 192 bps increase in the standard deviation of the next 12-month
returns or 16.4%.

Regarding the performance fee rate, we find that it has a negative impact on risk taking as the
fund manager looks forward and intends to mitigate the ratchet effect of the HWM. The intuition
for this result is straightforward: ceteris paribus, when the incentive fee is large, the fund manager
chooses a small step strategy that consists in reducing the fund volatility when approaching the HWM:
As a result, the HWM is pushed up by a small amount but more often. As stressed in Panageas and
Westerfield (2009), the assumption of an infinite horizon is key. Although we do not find this in the
data, model and empirical findings coincide to assert that an increase in the performance rate enhances
the positive relationship between risk exposure and distance to the HWM.

Numerical simulations reveal that an increase in the management fee rate triggers a more aggressive
investment strategy. The intuition is straightforward: A higher management fee rate allows the
fund manager to insure part of her compensation, which fosters a risk seeking behavior. The data
corroborates this intuition. Then, we compute the expected time until the HWM is reached as a
function of the distance to the HWM. It is found to be increasing, validating the intuition that the
farther away of the HWM, the longer it takes to collect the next incentive fee. We find evidence
consistent with the implication that an increase in the incentive fee rate leads to a smaller AUM
volatility, which lowers the expected time.

The extent to which the fund surpasses its HWM is smaller when the fund is close to the high-water
mark, as it will be optimal to beat the high-water mark frequently by a small amount to mitigate the
ratchet effect. The data supports this prediction. Now, those considerations become less important
as the fund gets farther away, and especially when the management fee rate is higher (insurance) and
the performance fee rate is smaller (future cost of surpassing the HWM). We find evidence consistent
with the latter implication.

We also analyze the impact of the fee structure on the lifetime compensation of the manager and
find a negative impact of both management and incentive fees on the fund manager’s welfare as the
growth of the AUM is thwarted. We provide a closed form expression for the manager’s revenue
decomposition. Numerical simulations for the baseline model tend to show that the incentive fee is
the main source of revenue for the manager. Our data set indicates that as around 48.5% of the
revenue of fund managers come from incentive fees, while for instance in Lan, Wang and Yang (2013)
this ratio would be around one third (depending on distance).

The closest paper to our baseline model is Drechsler (2014) in which the fund manager has the
option to walk away. A solution is derived by assuming that the management fee is proportional to
the HWM rather than being proportional to the value of the AUM. Under such an approximation,
the optimal investment strategy has an identical pattern to that in absence of management fee. Our
model differs from Dreschler (2014) in several dimensions: first of all, a management fee is seen from

the client point of view as a loss, so the HWM is not adjusted downward. Second, we derive an



exact analytical solution that allows us to uncover some interesting insights on the effects the option
like incentive fee contract on the optimal investment strategy and identify the distinct impacts of the
management and performance fees on risk exposure.

At the theoretical level, Goetzmann, Ingersoll and Ross (2003) use a contingent claim approach
to derive the implied market value of the lifetime fees earned by a manager who has no discretion
on portfolio allocations. They find that a significant proportion of managers compensation can be
attributed to the incentive fee, in particular for high volatility asset funds for which high manager
skills are required. Janecek and Sirbu (2011) examine a similar problem while allowing for endogenous
withdraws from the fund. Guasoni and ODbl6j (2015) study the case of a CRRA preference fund
manager who maximizes the long term certainty equivalent of the cumulated fees paid by the fund.
The fee structure is identical to the one considered in our paper; earned fees are required to be
invested in the riskfree money market account. The optimal investment strategy consists in allocating
a constant fraction of the AUM in the risky asset, whose level depends on the management fee rate
and fund manager’s risk aversion®.

This paper is also related to a fairly recent but growing literature on portfolio allocations under
wealth performance relative to an exogenous benchmark such as in Browne (1999) and Tepla (2001)
or subject to growth objectives required by the decision maker as in Hellwig (2004). In Carpenter
(2000), the fund manager is compensated with a call option on the wealth process with a benchmark
index as strike price. As in Ross (2004), the author shows that the option compensation does not
necessarily lead to more risk seeking. In a similar setting, Buraschi, Kosowski, and Sritrakul (2014)
obtain that investment in the risky asset decreases as the AUM approaches the HWM and exceeds
the latter up to an extent after which it starts to increase.

An extension to the baseline model introduces an early termination by the investor should the AUM
experience a sufficiently large drawdown, measured as fraction of the HWMS. Essentially, the presence
of the liquidation floor introduces a put option component into the optimal investment strategy in
order to restrain and hedge drawdowns of the AUM. Although significantly more complex than the
baseline model, we are still able to solve the problem in closed form. We find that the impact on the
optimal investment strategy is significant. The closer the AUM gets to the minimum floor, the higher
the fund manager’s lifetime risk aversion, which curbs down risk exposure. Our empirical findings
are consistent with this latter result: risk in funds with high probability of being liquidated is lower
and increases less rapidly with the distance to HWM. Depending of the parameters of the model,
the optimal fraction of AUM invested in risky asset is either increasing in wealth or hump shaped.
The former pattern always prevails when the management fee is small and the liquidation floor is

high. Conversely, we observe the latter pattern for sufficiently large management fee rate and low

5In a companion paper, Guasoni and Wang (2015) analyze the optimal investment strategies of a risk averse fund
manager in charge of either a mutual fund (no HWM) or a hedge fund (with HWM) who is free to invest her own wealth
in equity. Investing a constant fraction of the AUM in the stock is still optimal whereas the fund manager shall invest
her cumulative earned fees into the riskfree asset and a constant fraction of the rest of his own asset into the stock.

5Grossman and Zhou (1993) argue that when “leverage is used extensively, [...] an essential aspect of the evaluation
of investment managers and their strategies is the extent to which large drawdowns occur. It is not unusual for the
managers to be fired subsequent to achieving a large drawdown (typically above 25 percent).”



liquidation floor, which indicates that as soon as the termination threat is small enough as the AUM
has moved away from the liquidation floor, the convex like feature of the compensation scheme induces
the optimal investment strategy to exhibit excess risk taking as in the baseline model.

There exists an extensive empirical literature regarding the interplay between compensation con-
tracts with convex payoffs and risk taking behavior that focuses on hedge funds. Results are not
always consistent. Brown, Goetzmann and Park (2001) do not find evidence of excessive risk taking
behavior when below the HWM. In fact, they argue that fund managers are mainly concerned about
their reputation and future in the industry. Studying returns of more than 900 funds over the period
1988-1995, Ackermann, McEnally and Ravenscraft (1999) report that the fear of excess risk taking
behavior triggered by the incentive fee seems unfounded. Nevertheless, the incentive fee is a key
variable at explaining a risk-adjusted returns (measured by the Sharpe ratio). They also establish
a strong positive link between the management fee and the volatility of returns (agency problem).
Elton, Gruber, and Blake (2003) report that mutual funds with incentive-fees raise risk exposure after
poor performance. Aragon and Nanda (2012) find that funds that perform poorly in absolute terms,
relative to others and relative to their HWM tend to increase risk. The effect is stronger with funds
with incentive pay but is missing for funds that have HWM provision. The threat of losing AUMs
or being liquidated appears to be relevant and even change the direction of the effects. Agarwal et.al
(2002) document a convex flow-performance relation and suggest that, in addition to explicit incen-
tives, managers also face significant implicit incentives to risk taking. Since funds charging higher
incentive fees exhibit higher money flows, this would induce those to moderate their risk taking be-
havior. Buraschi et.al (2012) show that funds that have experienced large deviations from their HWM
actually reduce volatility.

In our paper, by studying the data in light of a more structured theoretical model we can uncover
the mechanism through which the various fees affect risk taking behavior of fund managers. For
instance, we point out the insurance role of the management fee. This also allows to test ancillary
implications such as the frequency of the hits, the extent to which the fund surpasses the HWM, among
others. We are able to explore in a unified empirical framework the role of distance to HWM, relative
and absolute performance, the structure of fees, the frequency and extent of HWM surpasses, and the
impact of the threat of liquidation. Our results are robust and to some extent we can accommodate

some seemingly inconsistent previous results.

The paper is organized as follows. Section 2 describes the baseline setting and contains a heuristic
derivation of the optimal solution and an analysis of its properties. Section 3 presents a verification
theorem that formally proves the validity of the heuristic solution. In section 4, we discuss an extension
of the baseline model that introduces the possibly of early termination of the fund by investors. Section

5 presents the empirical evidence. Section 6 concludes. All proofs are contained in the appendix.



2 Baseline Model

Time is continuous. An infinitely lived” risk neutral hedge fund manager has to optimally allocate the
AUM of her fund between a risk-free bond and a risky asset (index) in order to maximize her lifetime

compensation.

2.1 Financial Markets

There are two securities available in the financial market:

- a risk-free bond whose price B evolves according to
dBy = 7 Bydt,

where 7 is the constant interest rate and,

- a stock index whose price S follows a geometric Brownian motion
dSt == St (ﬁdt + adwt),

with Sy > 0, where dw; is the increment of a standard Wiener process w, @ is the mean return of
the stock index S and &2 is its instantaneous variance. All the stochastic processes considered in the
paper are assumed to be adapted on a common filtered probability space whose filtration is the one
induced by the observations of w.

Let 7 and Z be respectively the amount of dollars invested in the riskless bond B and risky security
S, so that the wealth process W is equal to T+7Z. Finally, let 7 denote the fraction of the AUM invested

in the risky asset.

2.1.1 AUM Dynamics and High Watermark

Let ¢; > 0 denote the (constant) withdraw rate by the investor from the fund. For A > 0, define

]\Z = sup max{]\/i\oe()‘_cf)t,Wse@_q)(t—s)},
0<s<t

\is the (minimum) growth rate of the returns required by the investor. Then, set z; = Ze~A—¢Dt W, =
Wte_(k_cf)t and M; = ]\/Zte_()‘_cl)t. Observe that

M; = sup {MOaWs;O <s< t}7
0<s<t

and
AM; = (A — 1) Mydt 4+ P =DM,

"This assumption is key for our results. Panageas and Westerfield (2009) show that within a finite horizon framework
the volatility of the fund becomes unbounded as approaching the terminal date.



As long as dM; = 0, the HWM M is growing at rate A — ¢y. At each period, a management fee is
charged that is proportional to the AUM with rate cp > 0; usually cp is around 2%. Thus, total
withdraws from the fund take place at (continuous) rate ¢ = c¢p + ¢ > 0. Whenever dM; > 0, the
fund manager earns a performance fee equal to ke —¢DtdM,, with k € (0,1). In practice, k is close to
20%.

Another important force driving the dynamics of the fund is attracting new money®. Following
Lan, Wang and Yang (2013), we assume that each time the HWM is hit, this triggers some new money
inflows dI that are proportional to the fund profits in excess of the HWM. More specifically, at time
t,

dl; = ieP=eDtgng,,
where ¢ > 0. Exceeding by far the HWM signals the hedge fund manager’s asset management skills.
The dynamics of the AUM process are given by

AW, = (F — )Widt + (ji — 7)Zdt + 67idwy — (k — i)eP =DMy,
so that the dynamics of discounted AUM process W are given by
AWy = (r — ep)Widt + (11 — r)zedt + ozedwy — (k — i)d My, (1)
withr=7— X\, pu=p—Xand o =0.

2.2 Hedge Fund Optimization Problem

Given 0 < Wy < My, a risk neutral hedge fund manager maximizes the expected value of her man-

agement and performance fees, i.e. her objective function F is given by

F(Wy, Mp) = max Ej [/ e_(§+6)t(cFW\tdt + e(A_CI)tht)]
z 0
AW, = (F— )W,dt + (il — r)Zdt + 65dw, — (k — i)eMdM,,

or equivalently

F(Wo, M) = max E [ / e~ O+ (cpWidt + det)] (P)

i 0
s.t. dW; = (7” — CF)Wtdt + (,u, — T)?TtWtdt + omiWedwy — (k‘ — Z)th,

with § = 0 — \ + cr is the (adjusted) manager’s subjective time discount rate. We also impose a
transversality condition

lim E, [e—(9+5>(T+t>F (W, My1)| = 0. 2)

T—00

8 Asset growth remains the focus of a majority of managers, in particular, for mid-size fund managers whereas the
largest managers have already their growth strategy in place and prefer to concentrate on talent (EY 2015).



Termination is exogenous and follows a Poisson process with constant intensity ¢ that is indepen-
dent of the fund returns. We assume that 6 + § > 0.

2.2.1 Conditions for a Well-Defined Problem

Let 51 and By be respectively the positive and negative roots of the quadratic @ with
2

Q(?J)_ry2+(9+5_T+CF_;W)y_(0+6)7

We make the following assumptions:
A1l. Growth condition: fo(k —i)+1+1i <0.

This is a similar condition as in Panageas and Westerfield (2009). It can be seen as a non-Ponzi game

or tranversality condition that ensures that F(W, M) < oo (see Appendix).
A2, p#r.

When p = r optimization problem P is ill-posed as the optimal investment strategy 7* is unbounded,;

for more details, see Panageas and Westerfield (2009).
A3. r>cp.

Condition A3.” guaranties that investing all the wealth into the riskless asset continuously (and
infinitesimally) increases the HWM. Worth observing is the fact that r > ¢y implies that 8; > 1.

Finally, whenever W; > M; we have
F(Wy, My) = kdM; + F(Wy + (i — k)dMy, My + (1 + i)dMy)).
Taking a Taylor expansion and letting dM; goes to zero leads to
(k—d)F1 (M, My) =k + (1 + ) Fo (M, My).
This last condition ensures that the value function is continuous at W; = M;.

2.2.2 Primal Value Function

Due to the homogeneity of degree 1 of the hedge fund manager’ compensation function and the wealth

dynamics equation (1), the value function F' is homogeneous of degree 1 so we can write
F(W,M) =M f(u),

where u = %, for some smooth function f. In the rest of the paper, we shall refer to u as “the distance
to the high water mark”. Also note that clearly Fy > 0, so f/ > 0. The boundary condition at u = 1

9This condition is not required for the existence of optimization problem P but nevertheless simplifies the analysis
and the exposition of the results. In the general case, results can be derived relying on the confluent hypergeometric
functions and their properties.



1+k) (1) =k+Q+i)f(1). (3)

For u < 1, the reduced Hamilton Jacobi Bellman (HJB) equation satisfied by f is:

2
(0+0)£(w) = cpu+ (r — ep)uf'(u) +max 7(n — r)uf'(u) + Sr2ul f"(w). (4)
Assuming that f is a concave function (we prove this claim in the sequel), it follows that

e ko filu)
T uf(u)

and the reduced HJB is

1(p=r)? (f'(w)?

(0 +6)f(u) =crpu+ (r —cp)uf (u) — 5 o3 )

2.2.3 Dual Value Function

Let function J be a Legendre transform of value function f. Dual variables (u, z) satisfy
x = f'(u) and u = —J' (),

and f(u) = J(z) — 2.J'(x) as well as J(z) = f(u) — uf'(u). Set A = —<E5L2 > 0. The dual (reduced)
HJB satisfies:
2 J"(x) + [(1 = B1 = Bo)x — AJJ () + Br1fad () = 0. (6)

The general solution of (6) is given by:
J(x) = KlHl(l‘) + KQHQ(x),

with

_ A+

[e.9]
Hi(z) = xﬂ2/ et (14t) P at
0
1
Hy(x) = 1:'82/ e_%t_ﬂrl(l—t)ﬂldt.
0

Some useful properties of functions H; and Ho are provided in the Appendix.
We are looking for a solution of (6) J defined on some interval I C Ry such that: (ii) Jis non-
negative on I, (ii) J' is negative on I, (iii) J” is positive on I and, (iv) at some extremity of interval

I, both J and J’ are equal to zero. In addition, at u = 0, the boundary condition is f(u) = 0.

Proposition 1 The reduced dual value function J is defined on the interval [x*,00), is decreasing and

strictly convex and is given
Hy(x)
J(.’L‘) = - )
Hy(*)

9



el =o.

where x* > 1 is uniquely defined by (k —i)z* — k + (1 + 1) M) =

Proof. See the Appendix. m

Note that the strict convexity of J implies the strict concavity of f, so the interior solution for
maximization problem in (4) is justified. The definition of z* is implied by condition (3). The next

proposition summarizes the properties of the reduced value function f.

Proposition 2 The value function F' is homogeneous of degree 1, strictly increasing in W and M
and strictly concave in W and in M. For (cp,cr,i) given, if k1 < ko, then for all u € [0,1], we have
fi(w) > fa(u). For (c, k) given, if iy < ig, then for all u € [0,1], we have fi(u) < fa(u). For (k,i,cr)
given, if cp, < cp,, then for all w € [0,1], we have fi(u) > fa(u). Finally, a representation of the
(optimal) reduced wealth process u € (0,1) is given by

Uy = —Jl(.’L't),
where
¢ p—r [t
:Ut:aco—l-/ (0+6—r+cp)rs—crp)ds — . / Tsdws, (7)
0 0
with xg > x* satisfying ug = —Zégi‘jg Process x is mean reverting if and only if 51 + B2 < 1.
2

Proof. See the Appendix. m

The higher either the management or the incentive fee rate, the lower the lifetime manager compen-
sation. A high fee rate reduces the growth of the AUM, in particular in an infinite horizon setting
(see Panageas and Westerfield (2009)). Overall, this overcomes the positive effect for the manager of
collecting a larger fraction of the AUM as well as a larger fraction of the performance reward. We
note that the impact of the management fee rate is in sharp contrast with the benchmark case where
there is no HWM. In the presence of a HWM, a higher management fee rate reduces all the more the
AUM, making it harder to beat the target.

2.2.4 Baseline Parameter Set

We calibrate the baseline model using the following values for the parameters: 6 + 0 = 0.16, p — ¢y =
0.07, 7 —cr = 0.03, 0 = 0.25, cpr = 2% , k = 20% and ¢ = 0%. One can check that under this set of
parameters, condition A3 is indeed satisfied.

Unless specified otherwise, all the simulations are performed for this set of parameters and we shall

investigate the quantitative impact of parameters cp and k.

We now examine the fund manager compensation decomposition between, on the one hand earned

fees for managing the fund and, on the other hand earned fees based on performance.

10



2.3 Fund Manager Compensation Decomposition

Let
F.(W,M) = FEq [ / cFe_(9+5)tWtdt]
0

F,(W,M) = Ey [ / ke(”‘s)tht},
0

be the lifetime cumulative management and performance fees earned by the fund manager, respectively.
By homogeneity, we can write F.(W, M) = M f.(u) and Fi(W, M) = M fi(u), with f.(0) = fx(0) =0
and note that F}, satisfies the same boundary condition than F' at W = M. It follows that

(1+E)fu(1) = (1+10)f(1)
(1+E) f(1) = k4 (1+)fu(1).

Recall that u = —J'(z) and define functions g; and g. such that

(1>

fe(=J'(z))
= fe(=J'(2)),

k()
ge()

(1>

For x > z*, gi satisfies the following HJB

)2
(0 + 3)n(x) = [0 + 5 — v+ cp)ar — cp)lgh(e) + 5 ol (a),

and note that lim g = 0. Similarly, we have
oo

)2
0+ 6)ge(x) = —cpJ () +[(0 +6 — 7+ cp)x — cp)lgh(x) + ;(MUQ)J:ZgZ(x).

Proposition 3 The lifetime cumulative performance fee Fy, earned by the fund manager is increasing

and strictly concave in W and is given by
F (W, M) = AeM [f(u) — uf'(u)],

where L
A = > 0.
H(z%) ~ Ha (2"
—(k+ 1) s + (1 +9) 73

Proof. See the Appendix. m
Interestingly, the cumulative lifetime performance fee is proportional to the marginal value of the
total earned fee with respect to the HWM. Next, we look at the share of the performance fee in the

total compensation, i.e. the ratio
uf'(u)
f(u)

= A1 —

).

11



In Appendix D1, we establish that lir% ]}’“((;3) = 1‘:%2 and ka is increasing in u, which is fairly intuitive
uU—
as the closer to the HWM, the larger the option value associated with surpassing the HWM. Numerical

simulations are performed for the baseline parameter case with an exception for parameter cp = 3%.

0.0 //”-

0.2 0.4 0.6 0.8 1.0

Figure 1 : Share of the performance fee as a function of %

Figure 1 depicts the share of the total compensation due to the performance fee. Figure 1 reveals
that the fund manager derives most of her revenues from the performance fee part and, the closer to
the HWM, the larger the fraction of the fund manager’s compensation due to the performance fee.
For instance, at u = 0.8, the management fee only accounts for 15% of the total compensation. These
results are in sharp contrast with the results obtained in Lan, Wang and Yang (2013) where the fund
manager being concerned with downside liquidation risk chooses a (much) more prudent leverage level
than in our setting.

To understand the magnitude of the incentive fee, one needs to investigate the mechanism between
risk taking and exceeding the HWM, in particular the impact of portfolio holdings in the neighborhood
of the HWM. As derived in Grossman and Zhou (1993)

2
Et [Mt+h — Mt | Wt = Mt] = \/;O’ ’71':’ Mt\/ﬁ‘i‘ O(h) (8)

The expected increase in the HWM over the time interval [t,¢ + h] is proportional to the fraction 7*
of the AUM invested in equity and vh. As v/h dominates h, clearly an increase in the HWM has a
significant (instantaneous) impact on the manager’s compensation. In section 5, we report that on

average, the HWM is surpassed by a margin of 12.7%.

12



2.4 Optimal Investment Strategy

Proposition 4 The fraction of AUM invested in the risky asset 7w is decreasing in the ratio % with

7 < BN (1 — B2) and uniformly decreasing (resp. increasing) in k (resp. i).

Proof. See the Appendix. =

The interpretation of proposition 4 is quite intuitive. Recall that in the baseline model, there is no
penalty for depleting the fund: the deeper out of the money her incentive contract, the higher the risk
exposure in order to hasten wealth accumulation. Although the fund manager is assumed to be risk

neutral, the ratio Rr(u) = — “J{//ES“)L) can be interpreted as a measure of her lifetime relative risk aversion;

Rpris increasing in w, i.e. the fund manager’s lifetime utility of the manager exhibits increasing
relative risk aversion (IRRA). Drechsler (2014) shows that a similar result may arise, eventhough no
management fee is charged, when the outside payoff of the fund manager is sufficiently large with
respect to the continuition value at the liquidation threshold. In our setting, this is no liquidation
threat and excess risk behavior is induced by the presence of the management fee: as further developed
in the sequel, numerical simulations show that the larger the management fee rate cp, the more the
optimal investment strategy is tilted towards the risky asset. There is an extensive literature that
argues that the convex payoff structure in hedge fund fees creates incentives for the manager to take
excess risk and, in particular when the contract reward is deep out of the money. This result is in line
with Carpenter (2000) and Ross (2004). Interestingly, the maximum value of the fraction of the AUM

invested in the risky asset is bounded and equal to “(;J(l — P2). This is the same expression as the

optimal constant investment strategy derived in Panageas and Westerfield (2009) when no management
fee is charged, even though the level is higher!®. This indicates that the optimal investment strategy
derived in Panageas and Westerfield (2009) does exhibit excess risk behavior; in fact, it corresponds
to the case where the HWM is always seen as “infinitely” far away. Nevertheless, the optimal constant
fraction of wealth invested in the risky asset is (uniformly) lower as additional excess risk behavior
due the management fee does not take place. Finally, note that the minimum value of the fraction
of wealth is reached when the HWM is hit and is equal to —“{;T%
Westerfield (2009), this ratio depends on the performance fee rate k.

. Unless as in Panageas and

The optimal investment strategy reflects the intertemporal trade-off faced by the manager between
(i) her short term objective, namely earning a (high) management fee and beating the high-water mark,
and (ii) her long term objective, i.e. the continuation value. To illustrate this intertemporal trade-off,
assume that the HWM is surpassed by a margin of ¢ percent. The fund manager only pockets fee
kgM, but the AUM level is now M (1 + (1 + i — k)q) and the new HWM is M(1 + (1 + i)g). This
implies that the AUM will have to grow by ﬁ percent to hit again the HWM; this ratio is
indeed increasing in q.

We now examine the impact of the fee structure on the optimal investment strategy.

1074 s easy to show that Bs is decreasing in cp.

13



2.4.1 Impact of the Performance Fee Rate

Proposition 5 For (c,i) given, if ki < ko, then for all u € [0,1], we have 7} (u) > w5 (u). For (c, k)
given, if i1 < ia, then for all u € [0,1], we have 7§ (u) < 75 (u).

Proof. See the Appendix. =

The manager has all the more incentives to inflate the fund volatility near the HWM as the
performance fee rate k is small. When £ is high, the manager incentives to beat the HWM by
a large amount are reduced. This reflects the aforementioned intertemporal trade-off faced by the
fund manager. As mentioned in Panageas and Westerfield (2009), a contract with a HWM can be
seen a sequence of options with changing strike each time the HWM is reset. The optimal strategy
consists in often beating the HWM by small amounts rather than to beating the HWM by large
amounts infrenquently. Finally, the larger parameter ¢, the larger the inflow of new money that is,
by assumption, proportional to the performance of the fund manager at exceeding the HWM, which

provides extra incentives to take risk.

82

8.0

t\ k=0.15
7.8

7.6

k=0.25

74

72

Figure 2 : Fraction of the AUM invested in stocks as a function of %

Worth mentioning is the fact that the effect of distance to the HWM on the increase in risk is all

the more severe as the incentive fee rate gets larger.
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2.4.2 Impact of the Management Fee Rate

¢=0.03

_

c=0.015

c=0

0.2 ‘ ‘ ‘ 0.4 ‘ ‘ ‘ 0.6 ‘ ‘ ‘ 0.8 ‘ ‘ ‘ 1.0
Figure 3 : Fraction of the AUM invested in stocks as a function of %

Numerical simulations suggest that, the higher the management fee rate, the larger the fund
manager’s appetite for risk. The management fee acts as an insurance: ceteris paribus, a fund manager
earning a hefty management fee is more keen on increasing risk exposure as her revenues are smoothed
out across time. The size of the management fee and the present value of the incentive fee shrinks all
the more as the fund drifts away from the HWM, which triggers a rise in risk taking behavior by the

manager.

2.4.3 How Often is the HWM Hit?

Define the stopping time until next hit
T= %Izlg {ur > 1, up < 1, given},

Hj (o)
Hy(x*)

where ug = — . Then, let us introduce the auxiliary function A with

Alz) = /1 e (1 — t)Prhe [1 + (A(?t) + B1 + Ba + 1) 1nt} dt.

0

Finally, we assume that 8; + 52 > 0 so that E[r] < cc.
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Proposition 6 For an initial condition ug < 1, the expected time until the HWM is hit is given by

Blr] = i (24 AG) — AG))

Hj(wo)

where ug = —

Proof. See the Appendix. m

First of all, we note that F[r] is not always finite, so there may be a positive probability that the HWM
is never hit. Condition 81 + S2 > 0 and condition A.1 are not always jointly met under the baseline
parameter set asit is not easy to have the two conditions satisfied for a reasonable set of parameters.
We perform simulations with 8 + 6 = 0.01, u = 0.04, r = 0.03, 0 = 0.4, cp = 2% , k = 40%.

2500 j
2000 :
1500 :
1000 I

500

Figure 4 : Expected Time until Hitting the HWM as a function of %

Figure 4 depicts the expected time until the HWM is hit as a function the distance to the HWM
for several values of the management fee rate. We note that the expected time is increasing and convex
as a function of the distance to the HWM making the HWM increasingly difficult to surpass as one
moves away from it. This result is line with the previously developed intuition. Then, to infer the
impact of the management fee on the expected time, we have to investigate two effects (i) the impact
of cp on target level z*, (ii) the impact of c¢p on the law of motion of process x. First of all, recall
that we found that % < 0. Then, recall that process x remains above z* > 1 and only its drift
ty = (04+6—r+cp)xr—cp depends on parameter cp. An increase in cp raises the drift of z, thwarting
any decrease in process x. Therefore, we should expect that the higher the management fee rate, the

more infrequently the HWM is hit. Indeed, numerical simulations seem to confirm this intuition.
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2.5 Market Value of Earned Fees

So far, we have examined the present value of the fees collected by the fund’s manager. We now derive
the “fair value” or the market value of a claim whose payoffs are equal to the fees earned, assuming
such a claim is marketable. This allows us to compare our results with the paper by Goetzmann,
Ingersoll and Ross (2003) but unlike the latter paper, the investment strategy is optimal, in the sense
that it maximizes the objective function of the fund manager. One of the main implication is that the
volatility of the AUM is no longer constant as in Goetzmann, Ingersoll and Ross (2003) but instead
depends on the distance to the HWM.

We assume that there exists a unique state price density!! ¢ whose dynamics are given by
w—r
d&t = §t(—rdt — ?dwt)
In addition, in order to simply the analysis, we set 6 = 0. The market value of the cumulative fees
earned by the fund manager is given by

1

V(Wo, My, &) = %

B [ / cr&Widt + kédM,
0

By homogeneity, we have
V (Wo, Mo, &) = Mov(uo).

Under the risk neutral probability measure, for all u < 1, the return of the AUM must be equal to
r —cp. It follows that the market price v must satisfy the following Black-Scholes type PDE for v < 1

a2(u
Lu%"(u),

ro(u) = cpu + (r — cp)uv'(u) + 5

where o, (u) = —%% is the volatility of the AUM. From Proposition 2, we can write v(ug) =

v(=J"(20)) = g(z0). Then, let us write the decomposition of the (market) values of the cumulative

management fee and performance fee as
§oMog.(z0) = Eo [/000 CF&Wtdt]
§oMogr(zo) = Eo [/000 kftht] :
As W is marketable, we have
Bo [ crtamiat + sgarn| = o+ £ | [ i

i.e., the total compensation of the fund manager is equal to the current value of the AUM augmented

To be more precise, the unique state price density is & that follows the same dynamics as & for (market) parameters
7 and [i.
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by the cumulated value of the new money flows. This implies that for all z > x**
_ (N
T (5) = 3ee) + (1= D7)
and g, satisfies the following HJB

—r 2 —r 2
@) = [0+ er+ LD @) + LU a2 ), Q

Similarly, we have

(p—r)?

)2
rg. (1) = —cpJ () +[(0 — 7 + cp + T)x —cp)|7.(z) + }M 29 ().

9 52 T ge\T

Let a1 and as be respectively the positive and negative roots of the quadratic @With

5y L= o 1(p—7)°
Q(y)_iTy + (¢ 7’+CF+§T)ZU r.

a2
In the sequel, we shall assume that a; > 1, or equivalently (“0_7;) + 0 + ¢ < 2r, so that, an integral

representation is available. Two independent solutions to ODE (9) are
0 _Aaa+y o1
Vi(z) = :CO‘Q/ e = tM(1+4t)" 2 dt
0
1 At 1
Vo(z) = z*? / e =t (1 —t)*dt,
0
where A = —“£21%2 > (. The general solution to (9) that vanishes as z goes to oo is given by

gi(z) = BpVa(2),

where Bj, is a constant to be determined. At x = x*, function g, satisfies

Ji(z") N
and recall that J”(z*) = —gg((z:)) . This leads to
k
By =

(1+k)%—(1+i)vg<m*)’

The market value of the cumulative management fee is given by

7o) = | ek = (1= DB)|.
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For the baseline set of parameters, numerical simulations (not reported here) reveal that, as in the case
of the discounted value of cumulative fee, the fund manager earns most of her remuneration through

the performance fee.

3 The Verification Theorem

We present a verification theorem (see for instance Dybvig (1996)) to show that the heuristic proposed
optimal strategy 7* is indeed valid. We closely follow Panageas and Westerfield (2009). The proof
consists of two steps.

For any feasible strategy m, let define the process
t
Qr = /0 e~ 0TS (cpWTds + kdMT) + e~ OO R(WF, M),

where F is the proposed (optimal) value function. Let M > 0 and denote 7 = %gg {M; > M}.
Step 1: We look for a function F such that -

_ _ 1(u-r?F
0+ 0F = cpW + (r — cp)WF; — Llp=r)” Fy
2 02 F11

that satisfies the boundary conditions

kF1(M,M) = k+ (1+14)Fo(M,M)
FW,M) = Oforal0<W <M
F(0,M) = 0forall0< M < 1.

Let us consider the following Legendre transform

W = —Ji(z,M)

The solution we are looking for is of the form J(z, M) = K(M)Hs(x), for some smooth function K.
It follows that
F(W,M) = K(M) [Ha(z) — vHy(z)]

As HY > 0, by the Implicit Function Theorem, define function X such that

M=—J(X(M),M) =—-K(M)Hy\(X(M)).
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The boundary condition at W = M leads to

(k—O)X(M)—k = (1+0)K'(M)Hy(X(M))
— —K(M)H}(X(M)),

with K(M) = 0 so that we must have X (M) = 0. Eliminating function K, we find that X satisfies
the following ODE

1+i+k [k;iX(M) - 1} m =(1 +i)MX’(M)m'

Set M = €™ and define x(m) = X (e™). Function z is solution of the autonomous ODE

Hy (x(m))
1+ i)’ . = : 10
(1 )0 (m) T 0 = (o) (10)
with xz(m) = 0, Where pa(x) =1+i+k [%x —1] gﬁgg and m = In M. Recall that function 9 is
decreasing on [%, o0) and 2 is positive on (0, z*) and negative on (z*,00). If at some point mo < m
HY

we have pa(x(mg)) < 0, then as 77 < 0, function z will be increasing on [mg,m] and we shall have
2
x(m) > x*, which leads to a contradiction. Hence, for all m € [0,m], 2/(m) < 0 and x(m) < z*.

Furthermore, integrating ODE (10) and using the fact x(m) = 0 leads to

/:c(m) _Hé’(y) dy _ —m a
0 Hy(y) ¢2(y) I

for all m < m. Relationship (11) fully characterizes function x. It remains to show that as m goes to
infinity, function x converges to a constant, more specifically z*. Given 2, function x takes values in
the bounded interval [0, z*]. For all m > 0, as the right hand side of relationship (11) goes to infinity
and z(m) is bounded, the integral on the left hand side must not converge to a finite value. This
implies that, for all m, we must have lim z(m) = z* as pa2(z*) = 0, otherwise the integral on the left
hand side of relationship (11) will tai?e%aouo finite value. Once z is known, we can recover function K
and verify that HhinooK (M) = —%. We conclude that as M goes to infinity, function F converges
to function F, our candidate function for the solution of program (P). Finally, observe that F; > 0,
Fi = _%n < 0. Then, by proceeding in the same way as for function F' (see Appendix) one can show
that for all W < M Fy(W, M) < Ko(K(M))TR W5 T, with Ko = (—8sB(—f2,1+ 1)) 7% and
T < B (1 — B2). This implies that W7* and W7*Fy are bounded on [O,M]Q.

Step 2: Let "> 0 and denote 7 =7 A T. For t < 7, applying [t6’s lemma for semi-martingales (see
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for instance, Grossman and Zhou (1993)), we have

t t
Qr = Qf+ / e~ OHNS AP(WT, MT)ds + / onWIF (W, MT)dws
0 0

t
T / ke — (k — )Ry (W, MT) + (1 + i) Fy(WZ, MT)] M,
0

where )
AF(W™ M™) = cp W™ + %WQWQFH F AW (u— )y — (64 8)F <0,
for all strategy 7 and equal to 0 for 7* = —£~ Wl;%u. It follows that
T
/ o WIFL (W, M) dws > QF — Qp > —Qf as Q% > 0. (12)
0

The left hand side of the inequality is a local martingale that is bounded from below and hence a

supermartigale. Thus

/ o WIF (W, MP)dw, | > Eo[QF] — QF,
0

0> Ey

i.e.
Qo > Eo[QF].

For strategy =, since W7* and W7*F[ " are bounded, the previous inequality is an equality as the
left hand side in relationship (12) is actually a martingale. Then, by Lebesgue Monotone Convergence

[heorem, we have
1' E /\* —_— - > > 1. E =1
Tlm 0[QF | =QF >Qf > Tlm 0[QF]

The left hand side of the inequality converges to Ej {fg(cFWs”*ds + deS”*)e_(eJ”S)S} = F(Wy, My),
whereas the right hand side of the inequality converges to Ej [ [T (crWTds + kdMT )e_(9+5)5] as for

any admissible investment strategy must be such that the corresponding value function satisfies the
transversality condition (2). Finally, letting M goes to infinity and using once again Lebesgue Mono-

tone Convergence Theorem combined with the fact that F' converges to F, we obtain that
oo
F(W,M) > Eq U (cpWTds + de;f)e<9+5>S] :
0
for every feasible investment strategy w. This concludes the proof. m

4 Extension to the Baseline Model

We extend our analysis by incorporating an endogenous termination threat of the fund. We assume

that the fund’s manager cannot experience a large wealth drawdown otherwise clients will withdraw
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all their wealth. Grossman and Zhou (1993) argue that when “leverage is used extensively, [...] an
essential aspect of the evaluation of investment managers and their strategies is the extent to which
large drawdowns occur. It is not unusual for the managers to be fired subsequent to achieving a large

drawdown (typically above 25 percent).” In this section, we assume that the AUM must satisfy
Wy > aM for all t > 0, (13)

with a € [0,1), otherwise the fund is liquidated and the manager receives no severance. Goetzman,
Ingersoll and Ross (2003) and Lan, Wang and Yang (2013) use a similar termination condition. We
would like to emphasize that condition (13) differs from the one imposed in the two aforementioned
papers as at Wy = alM, liquidation does not take place. In fact, it is never optimal for the fund
manager to trigger liquidation, which has interesting implications on the optimal investment strategy.
Define stopping time
T = i?zfo {W < aM},

so that the fund manager’ optimization problem now is
’TL/\OO
F(Wo, M) = max Ej [ / e~ O+ (cpWidt + kdM,y) | (P")
g 0

subject to (1).

We expect several implications on the optimal investment strategy. First, as the AUM level is
approaching its termination floor, the fund manager’s risk aversion should rise, which will curb her
position in risky asset in sharp contrast with the baseline model. Second, the manager has now
additional reason to mitigate the growth of the HWM due to the ratchet feature of the termination

floor.

In order to get some insight, we examine the special case where cp = 0.

4.1 No Management Fee cp =0
4.1.1 Value Function

For all w € [0.1), the reduced HJB is:

Z M2 (0)2
(04 8) folu) = rufyu) - L BT (J;fj/((l?)) . (14)

The general solution of the dual HJB is
Jo(x) = K127 + Koz,
so that

folu) = (1 = 1) K12P" + (1 — Ba) Koz,
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and
u = *ﬂlKl.’Eﬂl_l — BQK2$ﬂ2_1.

Let denote z, = f/(1) and 2 = f! (). At u = «, in order not to violate the drawdown constraint
with some positive probability in the future, all the AUM must be invested in the riskless asset. This
implies that we must have J(z%*) or equivalently az’* (1 — 81 — fB2) = B182Ja(22). Note that this
condition is different that the one imposed by Lan, Wang and Yang (2013) - namely f,(a) =0 - as
in our setting, fo(a) = Jo(z5) + ax’’ # 0. Using the boundary condition at uw = 1, we obtain the

following system (So)

a = =B (@) = Bk (a) R
0 = BB~ VK@) + Bo(Bo — Do)
1 = —Bika(a}) ™! = oK (a) ™!
k—1 k
* — o K * ﬂl K * 52‘

*
Lo

In the Appendix, we show that @ = —& in (0, 1) is implicitly (and uniquely) defined by

*
«

a[(1 = B2)@™ + (B — D™ = By — fa.

1

Set w* = [% vo|ot > 0. As imposing a drawdown constraint limits the growth of the

AUM, assumption A.1. can be weakened as follows:

A1’. Growth condition: w > w®.

Full details on the existence and uniqueness of a solution of system (Sp) are reported in the
Appendix. Note that condition A3. is required in this setting to ensure that the wealth process
bounces back when W hits the floor oM.

4.1.2 Optimal Investment Strategy

We have the following proposition.

Proposition 7 The optimal fraction of the AUM w7}, invested in the risky asset is increasing in u and
for all w € [0,1] and aa% < 0.

Proof. See the Appendix. m

Clearly, imposing a threat of termination triggered by a large drawdown of the AUM has a major
impact on the optimal investment policy. First, the fear of termination overcomes the fund manager’s
appetite for risk shifting. The lifetime manager’s relative risk aversion becomes decreasing in wealth
and consequently the optimal fraction of the AUM invested in risky asset 7% is now increasing in u

instead of being constant as in Panageas and Westerfield (2009). Second, as shown in Figure 5, the
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level of risk exposure is also sharply affected: the lifetime manager’s relative risk aversion is (globally)
magnified by the fear of liquidation and consequently the fraction of AUM invested in the risky asset
is all the more (uniformly) reduced as the termination threat becomes more stringent (larger value for

Q).

4.2 General Case
4.2.1 Value Function

We need to look for a general solution for the reduced dual HIB (6). Details are reported in the
Appendix. The general solution is

Ja(.%') = KlHl(l‘) + KQHQ(ZL’),
where K7 and K5 are constants to be determined. It follows that
u=—J\ (r) = —KH{(z) — KoH}(z).

The boundary conditions at © = o and w =1 (resp. at zJ* and z,) lead to the following system (S)

a = —KiHi(zy) — K2Hy(xy)
= K H{(z3) + Ko Hy (27
1 = —KiH(z}) — K2Hy(x7)
1+Z,l‘a = m+K1H1(fL’a)+K2H2(IEa)-

Proposition 8 For all a € (0,1), system (S) admits a unique solution with x}, < x}* and the reduced

dual value function J, defined on the interval [z}, x%¥] is decreasing and strictly convex and is given

by
Ja(ac) = KlHl(x) + KQHQ(J}),

with K1 < 0 and Ky > 0.

Proof. See the Appendix. m

The optimal (reduced) wealth process is now given by
u=—KH|(z) — KoH)(z),

where process z is defined in (7). The first term is positive and encapsulates hedging motives to ensure
that AUM does fall below the liquidation floor. Typically, this term has a put option flavor and can be
related to portfolio insurance strategies involving simple options such as in Black and Perold (1992)
and Tepla (2001). As in the baseline model, the second term regulates the growth rate of the AUM
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to mitigate the ratchet effect of the HWM. In the limiting case o« = 1, we have

o =T = TN = b= Ba) — (k=B
i.e., Wt = Mt and )

(1+4)(1 = p1— B2) — (k—1)B152
It is easy to verify that in this case F' is independent of u and r.
4.2.2 Optimal Investment Strategy

The optimal investment strategy 7, is given by

p—radg(x)
o? J\(x)

* * Kk
o= y To, S <z,

T
As in the no management fee case, 7, may be increasing in u but alternatively it can be hump-shaped

in u; a sufficient condition for the latter to occur is %L; > 0, i.e.

=T},

Jo(an) +waJy (@3) + 25 (Ja(23))* < 0.

Even though we do not report further results, numerical simulations for the baseline case parameters
reveal that this condition is always satisfied for sufficiently (very) small values of the drawdown
coefficient «. The intuition for such a result is straightforward: The appetite for risk of the hedge
fund manager is greatly reduced when the AUM approaches the termination floor but as soon as the
AUM is moving away from the floor, the optimal investment strategy exhibits excessive risk taking

behavior although at a decreasing rate.
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Figure 5 : Fraction of the AUM invested in stocks as a function of ¥ (cp = 0)

0.2
Figure 6 : Fraction of the AUM invested in stocks as a function of %7 (cp > 0)
Comparing figure 5 and figure 6, we note that for sufficiently small values of «, the risk exposure

is (globally) larger when a management fee is charged whereas for sufficiently large values of a, the

reverse is true.
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4.2.3 Fund Manager Compensation Decomposition

As in the baseline case, let f. and fi denote the lifetime cumulative management and performance fees
respectively and, g. and g the associated functions. The only difference with respect to the baseline
case is the boundary condition at u = « or equivalently at = x*. Note that ¢.(z) = —J/(z) f.(u),
so it must be the case that g/(z%*) = 0 as J(«") = 0. Similarly, we must have g (z}*) = 0. In
particular, this last boundary condition implies that fx(a) =0 (but f.(«) > 0). In the Appendix, we

show that for all = € [z}, z}"], we have

gk(:c) = Alel(x) -+ AkQHQ(LL’),

with
o KT H ()
T T (U k) [HY () Hy(wsr) — Hy(ws) HY (w59)] + (1+ 0)J2 (x) [Hy () Hy (x5°) — Ho () Hi ()]
_ kJy(x,)
- * Hi(x%, HY(zx* . * % Hy(z% H ("
(1+ k) Hj(a%) [Hzg%g - H;Ezag] 4 (14 4)J7 (2 Ha (%) [Hgg%g - H;E%H
kJ (2
o (z2)

* Hj (3, Hy(zkr . * * Hy(zf, & )
(1+ k) H](23) | 7023 — 3] + (1 + )T (wa) o) | 1258 — 28]

[e3

For the baseline set of parameters, numerical simulations (not reported here) reveal that the discounted
value of cumulative incentive fee is quite low and accounts only for a small fraction of the manager

total fee compensation.

5 Empirical Evidence

The data were obtained from the Hedge Fund Research database and comprises monthly observations
of returns of both active and liquidated hedge funds over the 1976-2013 period. It also includes several
fund characteristics, importantly regarding the compensation structure. We drop the observations with
non-positive assets and age, and missing data for the basic variables. The sample to funds excludes
those that do not have a hurdle rate because of the complexity of computing such hurdle for over
six hundred different rates. We look only at funds that do have incentive fees with high-water mark
provisions. The final sample consists of 34,919 observations corresponding to 6,267 different funds.
All the variables are winsorized at the 1% level.

As stressed by Joenvadréd et.al (2016), the relevance of different biases vary across datasets —
BarclayHedge, TASS, HFR, EurekaHedge, and Morningstar, in particular — and may alter some
conclusions on the performance of funds. We feel, however, that the problem is of less importance
when one explores volatility since this is not as salient as returns. For instance, if agents observe or
care more about returns than the risks associated to them, funds will not self-select or misreport as
much on this variable. Similarly, backfilling and survivorship biases will matter less if they are more

related to returns than to volatility.
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Risk-taking is not observable and thus has to be estimated. We measure the degree of risk that
each fund takes with the volatility of realized monthly returns for the 12 months that follow the
anniversary of the inception of the fund. Moreover, since the distance to the HWM is not reported,
we follow Aragon and Nanda (2012), and compute it assuming the fund at inception is at the water
mark and calculate the HWM in each period as the maximum between the one the year before and
the actual value of the fund. The actual value of the fund is the cumulative after-fees return. In order
to facilitate the reporting of our results, contrary to the theoretical model, our distance variable is the
value of the fund over the HWM minus one, that is, it corresponds to 0 when the fund is at the HWM
and decreases as the fund moves farther away from it.

The main simplification here is that we compute only one high-water mark for each fund and
period, even though there are many such marks depending on when each investor invested in the
fund. This can be an issue for funds with many investment rounds for which the errors-in-variables
problem would be a greater issue. However, as these funds are probably older, our age control would
ease this concern.

Our benchmark regression model is as follows:

riski’tJrl = a+p X ln(age)u + B2 x US; + B3 % Return,;ﬂg + B4 X Ranki,t +
Bs x distance to HWM, ; + year fixed effects + fund fixed effects 4+ ¢;;.

Proposition 4 implies that S5 is negative since the farther away the fund drifts from the HWM,
the smaller the management fee and the present value of the incentive fee will be. If the AUM is far
away from the HWM, the infinitely-lived manager will be less worried about surpassing the HWM by

too much, which incentivizes risk-taking behavior.

The specification also includes past absolute returns (Return) and returns relative to other funds
(Rank). Empirically, returns relative to other funds have been shown to be of first order importance
(see, for instance, Brown etal (2001) and Aragon and Nanda (2012)). Theoretical models suggest
their importance, although it is often difficult to separate absolute returns from returns relative to the
high-water mark. We will be looking at the effect of the distance to HWM after controlling for these.
We also include age to account for potential career concerns and reputational effects and whether the
fund is based on the U.S. to accommodate institutional differences in the capacity to take risk and
other conventions (when not including fund fixed effects). We also add year fixed effects to capture
changing conditions that affect all funds, such as market swings, that may affect performance, and
therefore their distance to the watermark and potentially the attitude of portfolio managers towards
taking risk.

In our main specification, we use fund fixed effects to capture time-invariant fund characteristics;
these include features such as strategy, localization, etc. Controlling for strategy is also important
to ease the potential bias arising, for instance, from stale prices due to illiquidity. The identification
relies on the within fund variation as we are comparing funds with themselves at different moments

in time. In the end, we are asking whether a particular fund behaved differently when at different

28



distances from the high watermark. More specifically, if the fund took more risk in the years in which
it was farther away from its HWM.

Previous empirical work has adopted a framework that is a bit different from ours in that is has
sought to explain changes in risk-taking from the first to the second semester with the distance to
the HWM at mid year (see, for instance, Brown et.al (2001), Agarwal et.al (2002), and Aragon and
Nanda (2012)). We believe our framework is more in the spirit of our model where the manager is
infinitely lived and is not concerned just with the short-term: she will have an incentive to take on
more risk whenever she is under the HWM and not just (or especially) during the second semester of
each year. Also, we are not forced to assume that HWM are always resent on January.

Also, when looking at the impact of fees, many papers look at differences in risk-taking across funds
with and without incentive fees. Here we focus on funds with incentive fees and HWM provisions and
explore whether the level of fees make a difference on risk-taking.

The downside of our specification is that we will not be able to identify the effect of time-invariant
(or nearly) fund characteristics; importantly the impact of the structure of fees. We will, however,
present results with no fund fixed effects to provide suggestive evidence of the likely impact of those
factors.

As a robustness check, we show that previous specifications provide results that are qualitative
and (for the most part) quantitatively consistent. We compute robust standard errors to consider

potential heteroskedasticity and cluster them at the management firm level'2.

Table 1. Summary Statistics

Obs Mean S.D. Min Max
ST Dev of Return ex-post 34,919 0.117 0.097 0.009 0.497
Return t-1 34,919 0.128 0.211 -0.428 0.885
Rank t-1 34,919 1,861 1,296 1 4,885
Assets (milion USD) 33,906 190 590 0.01 26,326
Age 34,919 5.2 4.2 1.0 35.0
U.S. based 34,919 0.76 0.43 0.00 1.00
Distance to HWM 34,919 -0.027 0.082 -0.507 0.000
Under HWM 34,919 0.19 0.39 0.00 1.00
Mgmt Fee % 34,919 1.47 0.59 0.00 10.00
Incentive Fee % 34,919 18.3 4.7 1.0 50.0
Year 34,919 2,005 5 1,978 2,012

Table 1 summarizes the data. There is important variation around the mean ex-post volatility
of returns of 11.7% that we can exploit: the standard deviation is 9.7%, the minimum 0.9% and the
maximum 49.7%. The average fund size is 190 million dollars and 5.2 years old. Seventy-six percent of
them are based in the U.S. As for the fees, these are not far from the traditional 2/20 structure, with

a median of 1.5% for the management fee and 20% for the incentive remuneration. 6,635 observations

12 Aragon and Nanda (2012) also cluster by strategy. Results are mainly unaffected, but the incentive fee effect turns
out to be non-significant.
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(19% of the sample) correspond to years in which a fund was under its HWM. Overall, these figures
are similar to the ones reported in the literature using other datasets and time frames. When one
considers all the funds, the average distance to the HWM is 2.7%. Conditional on being underwater,
the mean distance is 14.3%, with a standard deviation of 13.8%.

On average, when a fund surpasses its HWM, it does so by a margin of 12.7% (standard deviation
16.9%) and once it does, it takes on average 1.22 years to reach it again. Having the fee structure
of a fund, one can compute the share of income that comes from the incentive and the management
component during a given period. If we consider the period between two hits, a fund manager will get
on average 48.5% of its income from the incentive component. That is, incentive fees are a significant
fraction of revenues and, therefore, should be expected to play an important role in the strategic

behavior of fund managers, as our model suggests.
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Table 2. Benchmark Regressions

The dependent variable is the standard deviation of monthly returns during the 12 months that
follow the aniversary of each fund's inception date. Distance to HWM is the value of the fund
divided by the HWM minus one, that is, it corresponds to 0 when the fund is at the HWM and
decreases as the fund moves farther away from it. All variables are winsorized at the 1% level.
Standard errors are robust to heteroskedasticity and clustered at the management firm level.

Significance levels: * p<0.05, ** p<0.01, *** p<0.001

Log age (years) 0.001 0.004*** 0.003 0.004*** 0.004*** 0.003
-0.001 -0.001 -0.002 -0.001 -0.001 -0.002
U.S. based (-0.005)  (-0.004) (-0.003)  (-0.003)
-0.004 -0.003 -0.004 -0.004
Distance to HWM -0.283*** -0.468*** -0.096*** -0.465*** -0.249*** 0.032
-0.012 -0.015 -0.01 -0.015 -0.043 -0.034
Return t-1 0.173*** 0.045*** (0.172*** (0.172*** (0.045***
-0.006 -0.005 -0.006 -0.006 -0.005
Rank t-1 x 10-3 -0.005*** -0.006*** -0.006*** -0.006*** -0.006***
-0.001 -0.001 -0.001 -0.001 -0.001
Management fee 0.011*** 0.010***
-0.004 -0.003
Incentive fee 0.001* 0.001
-0.001 -0.001
Distance to HWM x Management fee -0.018 -0.002
-0.02 -0.021
Distance to HWM x Incentive fee -0.010*** -0.007***
-0.002 -0.002
N 34919 34919 34919 34919 34919 34919
R-sqr 0.262 0.336 0.724 0.341 0.343 0.724
Strategy fixed effects YES YES YES YES YES YES
Fund fixed effects NO NO YES NO NO YES
Year fixed effects YES YES YES YES YES YES

Table 2 presents the main results. To explore the main effects of time-invariant fund characteristics,
importantly the fee structure, we do not include fund fixed effects in some of the regressions in the
table. We then corroborate that the results are not due to time-invariant omitted variable bias by
adding the fund fixed effects.

The first column establishes that risk-taking increases with the distance to the HWM: the coefficient
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of this variable is negative and highly significant. Consistent with our model, funds that are further
away from their HWM tend to take more risk when compared to others that are closer to it. Being
older and based in the U.S. does not seem to have a major impact on risk. The second column shows
that the positive relation between distance and risk is not (entirely) driven by the absolute return
of the fund or its return in relation to the others: the coefficient for distance is still negative and
significant. The negative sign for the Rank variable is consistent with tournament behavior that has
been documented before: funds that do poorly relative to others tend to take on more risk. The
positive effect of Return means that funds that do well take tend to be riskier. This is not inconsistent
with previous findings such as Aragon and Nanda (2012)’s since this effect is after controlling for
performance relative to others and relative to oneself. Consistent with what Brown et.al (2001) finds,
the significance of the negative relation between relative performance and volatility, although it does
not disappear completely, drops to half when one controls for the distance to HWM (not reported).

The results above come from pooled regressions, that is, are identified via comparing the same
fund at different moments but also across different funds. This can be problematic since funds do not
only vary in terms of their distance to HWM and leaving those other characteristics aside may induce
estimation bias. In the third column we add fund fixed effects and show that the relation between
distance to HWM and risk is still consistent with the prediction of the model when we identify the
effect just by comparing the same fund at different moments: the coefficient for the value relative to
HWM is still strongly negative. Importantly, the effects of distance and of returns are independent of
each other. That is, we are not simply capturing the fact that risk increases after good performance.
Rather, we document that the effect is reinforced when the fund is farther away from its high-water
mark. Its magnitude is about one third of the one obtained before, meaning that other, time-invariant
fund characteristics were explaining the bulk of the effect, highlighting the importance of controlling
for these in empirical work. Despite this, the economic magnitude of the effect is important. For
instance, being 20% underwater is associated with 192 bps increase in the standard deviation of the
next 12-month returns or 16.4%.

In the following columns we explore the role of the fee structure on risk-taking. Column four reports
that risk increases with the level of management fee since the coefficient is positive and significant.
This is what we expected from the model and the simulations ever since the management fee acts as an
insurance. Increasing the management fee rate from, say, 1% to 3% is associated with an increase in
20% of the standard deviation of returns. The positive coefficient for the incentive fee rate is, however,
not consistent with the model. We expected a negative coefficient because if the manager takes on
more risk and beats the HWM by a larger amount, it becomes harder to beat it again in the future.
In any case, the coefficient is only marginally significant (p-value 9%) and very small: increasing the
fee from 15% to 20% would increase risk by only 42 bps or 5%. Moreover, as can be seen in the next
column, the result is not robust either.

In column 5 we explore how the relation between the distance to the HWM and risk is shaped by
the structure of fees. Our simulation depicted in Figure 2 suggests that the increase in risk as the

fund gets farther away from the HWM is all the more severe as the incentive fee gets larger as moving
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farther away from the HWM implies a larger forgone present value of the incentive fee.

We therefore expect the coefficient of Distance to be more negative for funds that charge a higher
incentive fee. This is exactly what the negative and significant coefficient for the interaction between
Distance and Incentive Fee means. Its size is relevant: the slope of risk to distance is 20% higher for a
fund with a 20% incentive fee compared to one with a 15% charge. This expands Aragon and Nanda
(2012)’s results as the relationship not only gets stronger for funds with incentive pay but increase
with the level of it. On the contrary, we do not find the effect of distance being stronger with the level
of management fee.

From now on we include fund-fixed effects in all regressions and show that the results are robust
to controlling for all time-invariant fund characteristics. Of course, we are no longer able to identify
the main effect of the fee structure. Column six shows that these effects are robust to controlling for

fund fixed effects. The magnitude of the incentive fee distance interaction is of similar magnitude.
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Table 3. Further Results

Panel A
The dependent variable is the standard deviation of monthly returns during the 12 months that follow

the aniversary of each fund's inception date. Distance to HWM is the value of the fund divided by the
HWM minus one, that is, it corresponds to 0 when the fund is at the HWM and decreases as the fund
moves farther away from it. All variables are winsorized at the 1% level. Standard errors are robust to
heteroskedasticity and clustered at the management firm level.

Significance levels: * p<0.05, ** p<0.01, *** p<0.001

Equity Event- Fund of Macro Relative
Hedge Driven Funds Value
Log age (years) 0.003 0.001 0.001 0.004* -0.001 0.001
(0.002) (0.002) (0.004) (0.002) (0.005) (0.004)
Distance to HWM -0.049*%*  -0.093***  -0.149%** -0.012  -0.126***  -0.052*
(0.023) (0.013) (0.035) (0.025) (0.032) (0.029)
Distance to HWM squared 0.117**
(0.053)
Return t-1 0.044%**  (0.039*** 0.047***  0.042***  0.035***  (0.030**
(0.005) (0.007) (0.015) (0.015) (0.012) (0.012)
Rank t-1x 10 -0.006***  -0.004***  -0.008*** -0.003*** -0.004*** -0.009***
(0.001) (0.001) (0.002) (0.001) (0.002) (0.001)
N 34919 14950 3941 4974 6593 4461
R-sqr 0.724 0.704 0.7 0.76 0.718 0.674
Strategy fixed effects YES YES YES YES YES YES
Fund fixed effects YES YES YES YES YES YES
Year fixed effects YES YES YES YES YES YES

In Table 3 we expand the results. First, we find that the distance effect is not linear but also convex:
as the fund gets farther away from the HWM, the incentive risk-taking increases more rapidly. In
the first column of Panel A, we show that the square of distance enters significantly positive in the

regression. Figure 7 depicts this result. This is what we obtain from our simulations.
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Distance to HWM and Risk
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Figure 7 : AUM returns volatility as a function of the distance to HWM

The next columns of Panel A show that, although to different degrees, the main result generally
applies to all kinds of hedge funds. Except for the case of funds of funds, the effect of distance for
the average fund is negative. Furthermore, the increase in risk following poor performance relative to
the HWM is more pronounced for funds with higher incentive fees in most kinds, although not always
significantly so (not reported). One would expect the response of managers to be larger when there is
more flexibility for them to change the level of risk, in particular, to increase it. We do find such an
effect since the impact is stronger for funds can lever up, as reported in the first column in panel B,

since the interaction between an indicator of this capacity and distance is significantly negative.
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Panel B

The dependent variable is the standard deviation of monthly returns during the 12 months that follow
the aniversary of each fund's inception date. Distance to HWM is the value of the fund divided by the
HWM minus one, that is, it corresponds to 0 when the fund is at the HWM and decreases as the fund
moves farther away from it. Column 1 includes only the funds that are allowed to lever up. All
variables are winsorized at the 1% level. Standard errors are robust to heteroskedasticity and

clustered at the management firm level.
Significance levels: * p<0.05, ** p<0.01, *** p<0.001

Log age (years) 0.003 0.003 0.003
(0.002) (0.002) (0.002)
(0.015) (0.013) (0.101)
Return t-1 0.045*** 0.045%** 0.126***
(0.005) (0.005) (0.023)
Rank t-1x 107 -0.006*** -0.006*** -0.059***
(0.001) (0.001) (0.015)
Distance to HWM x Leveraged -0.028*
(0.016)
Distance to HWM x Fast Redemption 0.037**
(0.017)
Threat of Liquidation -1.876***
(0.528)
Distance to HWM x Threat of Liquidation 0.600*
(0.312)
N 34760 34919 34919
R-sqr 0.724 0.724 0.724
Strategy fixed effects YES YES YES
Fund fixed effects YES YES YES

The threat of a large drawdown following poor performance has a major impact on the optimal
policy. In particular, the fear of liquidation magnifies the relative risk aversion of the manager and
consequently the fraction invested in the risky asset is reduced. To test this implication, we ask
whether the impact of distance on risk is reduced when this is more likely. In column two add the
interaction between distance and an indicator that takes the value of 1 if the funds can be redeemed
within less than a month and 0 otherwise. The coefficient for that variable is significantly positive, as

expected. We did the same exercise for funds needing less than 30-day notice in advance to withdraw
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the money and those with minimum investment of 1 million dollars and also found positive coefficients,
although not significantly so (not reported).

To further test for the impact of the likelihood of liquidation we took a two-step approach. First,
we estimated a probit model to predict whether a fund would be liquidated at any point in time.
The model has an indicator variable that takes a value of 1 if the fund was actually liquidated and
cero otherwise, and two independent variables: absolute return and return relative to the other funds.
In the second stage we add the predicted value for liquidation from the first step to our benchmark
regression, both alone and interacted with the distance variable. We get a negative coefficient for the
threat of liquidation and a positive coefficient for its interaction with distance. This is exactly what
we expected from the model.

Table 4 explores what happens with the frequency and extent to which the high-water mark is

surpassed.
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Table 4. Frequency and Extent of Surpass of HWM

The dependent variable is the time between two hits in columns 1 and 2, and the percentage
increase in the HWM in columns 3 and 4. Distance to HWM is the value of the fund divided by the

HWM minus one, that is, it corresponds to 0 when the fund is at the HWM and decreases as the

fund moves farther away from it. All variables are winsorized at the 1% level. Standard errors are

robust to heteroskedasticity and clustered at the management firm level. Significance levels: *

p<0.05, ** p<0.01, *** p<0.001

Time between Hits

Extent of Surpass

Log age (years) 0.060*** 0.060*** -0.035***  -0.035***
(0.007) (0.007) (0.002) (0.002)
Distance to HWM -2.452%** -3.028*** -0.461***  -0.658***
(0.078) (0.292) (0.018) (0.068)
Return t-1 -0.275%** -0.276*** 0.600***  0.600***
(0.023) (0.023) (0.013) (0.013)
Rank t-1x 10° -0.107*** -0.107*** 0.007***  0,007***
(0.005) (0.005) (0.001) (0.001)
Distance to HWM x Management fee 0.047 0.019
(0.132) (0.016)
Distance to HWM x Incentive fee 0.027* 0.009**
(0.014) (0.004)
N 34045 34045 34819 34819
R-sqr 0.551 0.552 0.688 0.688
Strategy fixed effects YES YES YES YES
Fund fixed effects YES YES YES YES
Year fixed effects YES YES YES YES

The first column shows that the time elapsed between hits increases with the distance to HWM, as
reflected in the negative coefficient for the distance to HWM variable. That is, maintaining the AUM
is close to its HWM will typically result in hitting the watermark often. This is what was expected
from the model: as the fund falls behind the HWM it becomes increasingly difficult to surpass it in
the future; taking on more risk mitigates this effect. Also consistent, is the fact that this effect is
weaker as the incentive fee increases (column two). We did not find, however, that the frequency of

hits decreases more rapidly in funds with higher management fee rates.
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The next two columns explore the extent to which the watermark is surpassed when it effectively
is. Since the coefficient for distance is negative, the jump is smaller when the fund is closer to its
HWM. This is consistent with the intuition because, in that case, it will be optimal to beat the high-
water mark frequently by a small amount to mitigate the ratchet effect. Those considerations become
less important as the fund gets farther away, and especially when the management fee rate is larger
(insurance) and the performance fee rate is smaller (future cost of surpassing the HWM). We find
evidence consistent with the latter implication.

In Table A1 in the Appendix, we conduct our benchmark analysis using an alternative specification,
in the line of Brown et.al (2001), and Aragon and Nanda (2012). This consists on observing the change
in risk during the second semester of the year with respect to the first semester and relating it to the
fund’s performance. To be consistent with our previous assumptions, in the first thee columns we
consider only the funds with inception in the month of January. This greatly reduces the number of
observations. The results are perfectly consistent with what has been documented in the literature
before: on average risk increases following poor performance measured in relation to others and to the
HWM. In the following three, we expand the sample to include all funds, regardless of their inception
month. That is, we compute the change in the standard deviation of monthly returns for months ¢+ 6
through ¢ + 12 versus months ¢ though ¢ + 5 relative to each fund’s inception date. The results are
qualitatively the same compared to our benchmark in Table 2: risk increases with the management
fee and with the distance to HWM, especially when the incentive fee is high.

As a robustness check, in column 7 we just keep the funds that have neither and incentive fee nor
a HWM provision and show that, for them, there is no effect on risk-taking of being far from what

would have been their high-water mark.

6 Conclusion

We have examined how a management fee combined with a performance fee affect the optimal in-
vestment strategy of a hedge fund and the hedge fund manager’s compensation. Our baseline model
is a simple extension of the work by Panageas and Westerfield (2009). One of our main finding is
to highlight that the important role played by management fee as it contributes to smooth out the
manager’s revenues, acting as an insurance policy. Ceteris paribus, this translates into a more aggres-
sive optimal investment strategy with respect to the no management fee case. Second, even though
the fund manager has risk neutral preference over money, the option like compensation scheme makes
her lifetime utility of the manager exhibits increasing relative risk aversion (IRRA). Consequently,
the fraction of the AUM invested in equity is all the more rising the farther away the AUM moves
from the HWM. This is in sharp contrast with the result in Panageas and Westerfield (2009) in which
the optimal investment strategy consists in holding a constant fraction of the AUM in stock that is
independent of the performance fee rate. In this paper, holdings in risky assets are negatively related
to the magnitude of the performance fee rate. This reflects the intertemporal trade-off faced by the

manager: Rising the AUM volatility by tilting portfolio holdings towards equity in order to signifi-
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cantly, although infrequently, surpass the HWM and pocket a hefty performance fee or alternatively
beating more often the HWM by a small amount by choosing a more conservative investment strategy.
The latter turns out to be optimal, reflecting the manager’s preference for a policy of small steps to
achieve smoother revenues. Consistently, we find that the expected time until the next HWM hit is
increasing in the (relative) distance between the current value of the AUM and the HWM. Regarding
the manager compensation, perhaps surprisingly, we find that both an increase in either the manage-
ment fee or the performance fee lowers the manager’s lifetime earnings but recall that proportional
fees reduce the size of the AUM. Regarding the compensation decomposition, we find that the fund

manager derives most of her revenue from the performance fee.

An extension to the baseline model introduces an early termination should the AUM experience a
sufficiently large drawdown, measured as fraction of the HWM. The impact on the optimal investment
strategy is significant. The closer the AUM gets to the minimum floor, the higher the fund manager’s
lifetime risk aversion, which curbs down the risky portfolio allocation. Depending of the parameters of
the model, the optimal fraction of AUM invested in risky asset is either increasing in wealth or hump
shaped. The former pattern always prevails when the management fee is small and the liquidation
floor is high. Conversely, we observe the latter pattern for sufficiently large management fee rate and
low liquidation floor, which indicates that as soon as the termination threat is low enough as the
AUM has moved away from the liquidation floor, the convex like feature of the compensation scheme
induces the optimal investment strategy to exhibit excess risk taking as in the baseline model.

We provide empirical support for the main implications of the model. Data seem to support the
theoretical predictions of the model: returns’ volatility is strongly related to distance to the HWM,
especially for funds with a high incentive fee rate. Also, the time elapsed between hits and the
extent to which the fund surpasses the HWM both increase with distance. Finally, the threat of
fund termination reduces risk and mitigates the positive relationship between risk and distance to the

high-water mark.
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7 Appendix
Appendix A
F(W,M) < oo. Forall 0 <W, < Mjwe have
F(Wo, My) < Eg [ / e~ O (cp Mydt + det)]
0

c 6+ 0crp +k -
< 9f5M0+( LF mngo[/O e(9+5)tdet].

Under condition A1, the expectation on the RHS of the inequality is indeed bounded (see Panageas
Westerfield (2009)).

Derivation of the Dual Reduced Value Function J. Consider the following ODE
2 f"(2) + [(1 = B1 = Ba)a — A)]f'(z) + B1B2f (z) = 0, (15)

with A = —% > 0. Define auxiliary function g such that f(z) = 2¢g(z). It is easy to verify that

g satisfies the following ODE

(@) + (1~ B+ fo)a — N)lg'(2) — B g(a) = 0.

Then, define auxiliary function k such that g(z) = h(—2) and y = —% < 0. It is easy to verify that

xT
function h is a solution of the Kummer equation

yh'" (y) + (b — y)h'(y) — ah(y) = 0, (16)

where a = —f and b =1+ 81 — B2. Next we show that if ¢ is a solution on the positive real line of
(16) with parameters (a,b), then h defined by h(y) = e¥g(—y) with y < 0 is a solution on the negative
real line of (16) with parameters (b —a,b). Set x = —y, we have ¢'(z) = €* [h(—2x) — W/(—z)] and
9" (x) = e [h(—x) — 20/ (—x) + h”"(—x)] . Tt is easy to check that h satisfies:

yh" (y) + (b — y)B'(y) — (b — a)h(y) = 0.

One solution of equation (16) is the Kummer function

1 v otani b—a—1
. S— Zhya 1—¢)""% dt
B(a,b—a)/o € ( ) ’

where I'(a) = [ e “u* 'du and B(a,b) = FF(EZJI:ES) are the Euler Gamma and Beta functions, respec-

h(z) = M(a,b,z) =
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tively. An independent solution for z < 0 is

h(Z) = er(b —a,b, —Z) = / €Z(1+t)tb_a’_1(1 + t)a_ldt.

1
[(a) Jo

The general solution of (15) is given by:
f(:L’) = KlHl(l‘) + KQHQ(:L‘),

where

D)

o0
Hi(z) = xﬁz/ 2B 4By
0
1
Hy(z) = 2 / =3 y=B=1(1 _ p)igy,
0
with (K71, K2) € R%. One can check that

0 _Aa+n
Hi(z) = lefbl/ e P11 4 1)P2dt > 0
0

0 _AQ+y)
H(z) = 5l(ﬁ1—1)xﬂ2—2/ e FHI2 (1 4 )t > 0
0
1
H)(z) = —611"82_1/ e_%t_&(l—t)ﬁl_ldt<0
0

1
HY(z) = BB — 1)x52—2/ e~ P (1 )Bi2g > 0,
0

In the paper, we make use of the following asymptotic behaviors

=

1(@) ~ A=AIT(By + 1)3651*52“6’% and H(x) N ATHT(By + 1)3761%2’1@*%

Aﬁrﬁqﬂ(ﬁl _ 52)3:61 and H}(z) ~ 51/\”827’8111(51 _ 52)336171

82

Hy(x) ~ AP2D(—f) and Hb(x) ~ —B1APTIT(1 = B)

o

(z)
H, ()
(z)
(z)

S

x

B(=f2,1+ p1)2™ and Hj(x) ~ P2B(=fa, 1 + Bz,

82

so that we obtain that

b1
0 o

f(u) BaB(—f2,1 +B1)>1132'

_Ba
QuP2-1, with Q = < -
Hy(x*)
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The Wronskian of ODE (15) is given by

W(Hy, H3)(z) Hy(x)Hy(z) — Hi(z)Ha()
— 7A52—ﬂ1F(752)F(51 + 1)6—$xﬁ1+52—1 <0
Hy(z)Hi(z) — HY (v) Hy(x)

= BBz W (Hy, Ho)(x) > 0.

W (Hy, Hy)(x)

Assume that the boundary condition at u = 0 is reached a finite point T € (0, 00). We have

0 = KlHl(f)—l-KgHQ(f)
0 = K H(Z)+ K:Hy7).

The first condition implies that constants K; and Ky must have opposite sign; using the second
condition, since H] > 0 and H) < 0, we deduce that constants K; and K3 must have the same sign,
which leads to a contradiction as both K; and K are not equal to zero. We conclude that T € {0, co}.
Assume that Z = 0; then, we must have Ky = 0. Since J’ < 0, we must have K; < 0, which leads to
a contradiction as J > 0. We conclude that Z = oo, so K; = 0 and we must have Ko > 0in order to

have u > 0. The boundary condition at v = 1 translates into:

1 = —KgHé(H?*)
(k —i)a*Hy(z*) = KkH)(x") — (14 i)Ha(x™).

We deduce that interval I must be of the form [z*,00), with z* > 1. Next we establish the existence

and uniqueness of z*. m

Appendix B

Existence and Uniqueness of z*. We want to show that function ¢» has a unique root z* > 1,

where

B 144 (18)

302('r) = k(ax - I)HQ(IL’)

; — k=i _ 1 _ 1. N A i ¢ e L e
with @ = % € (0,1). Let 2z = a — ., so that x = ——; Define ¢2(2) = zle AR TP

a—=z"’
and observe that a(z) = kfad2(z) + 1+ i. We want to show that ¢

1 A(z—a)ty—Ba—1(1_4)B1—1
e t=P2=1(1—t)f1-1at
—z+zhl )
Jo erEmatt—h2=1(1—t)P1dt
is increasing in z. We have

f()l eA(Z—a)tt—ﬁ2—1(1 — t)ﬁl_ldt AZ(I)Q(Z)
fol eAe—a)ty—P2—1(1 — ¢)P1dt Dz -

Po(z) = -1+
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where D = fol eAMe=a)iy=Fa=1(1 _ )Pt and

1 1
By(z) = / eMEmat =Bz (1 _ il « / Aty =B=1(1 _ pyhigy
0 0
1 1
—/ eA(z—“)tt—ﬁz—l(l—t)ﬁl—ldt></ At =B2(1 _p)rgy.
0 0
Then, note that

1 1 1

/ Abat=F-lq _pbgr = / Az—ajty=Fa— 1(1—t)51—1dt—/ Alat=R (1 _ pyfi-lgy
0 0 0
1 1 1
/ Mty =f(1 _phrgr = / Mz—a)ty=Pz(q — )Blldt—/ eMEmat =Pt _ p)fi-lgy
0 0 0

It follows that

2
yz) = (LA phia
(fol ehz=a)ty=P2=1(1 _ )Bri-1qt) x (fol ehe—a)ty—Patl(] _ t)ﬁl—ldt) > 0,

by the Cauchy Schwartz inequality with

(majty— B2t g _ 812

falt,z) = e
ga(t,Z) = e (zfa)ttf%(l_t)m;l,

A
2
A
2

fl A(z— a)tt Ba— 1(1 t)ﬁl 1dt
Jy erzma)ti=B2=1(1_¢)P1dt
0. We conclude that ¢}, > 0. It follows easily that ¢}, < 0. As @9 is continuous with @2(%) =14:>0

so that f,(t, 2)ga(t, z) = eME=0)t=B2(1—¢)A—1_ Finally, we note that —1+4 22

and lim cpg(:v) = (k—14)pP2+1+1i < 0 by assumption Al, we conclude that ¢2 has a unique root
r* > = > 1 and note that (k —7)B2 + 1+ < 0 is necessary and sufficient. m

%ik < 0 and 83% > 0. Totally differentiating relationship (18) with respect to k and evaluating at

z = z* leads to () -
2\ & / xy O _

Since ¢5(z*) < 0 and (z* — 1)H E ; < 0, we deduce that 8k, < 0. Similarly, totally differentiating

wa2(x*) with respect to ¢ leads to

x*Hj(x") AN A

Since ph(z*) < 0 and —IHI;I%S;) +1 >0, we deduce that % >0.m

Appendix C

Properties of the Optimal Investment Strategy.
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P.1. {(%* < 0 and 8” > 0. Recall that function Hs is independent of parameters (k,7) and that
U= H,(( *)) Fixing u, we have
om* _ Or" Oz
ok  0Ox Ok
or* wH, (z*) dz* o dx*
ox Hy(x) ok ~ = oz~ C ok
Similarly
om*  Or* uH, (z*) Ox* or* ox*
= d :
9i ~ or Hi(z) 0i 0% gy ~0and g >0m

P.2. Forallu € (0,1), & < 0. Recall that

j— r e Hy(2)
o Hyx)

= —

As Hg(ac) B(—fa, B1 + 1)272, we find that mH (x) ,82 1. Then, using the expressions found for

functions H2 and HY, we obtain that

_zHY@) g 1)f0 e~ TP (1 — t)h 24t
Hy(x) J e F B (1 —t)f-1dt

e _gt*/)’?(l — A2t

Jo e St-p (1 —t)P— dt"

= (B—-D(=1+

Let define two auxiliary functions ¢ and ¢ with

so that

and let w(z) = @(i;. It follows that

dw(z) _ ¢'(2)¢(z) — V' (2)p(z)

dz V2 (x)
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Next observe that

A 1 1
W(z) = xQ(/ APl —t)ﬁl—%zt—/ eS8 (1 — )P 2y
0 0
’ A b 1-8 B1—2 L 2-3 B1—2
Y'(x) = ﬁ( e =t P21 —t) T Adt — e @t (1 —t)P14dt).
0 0
Thus ( ) has the same sign as

1 At 2 1 At 1 At
¢ (x)Y(x)—y (x)p(x) = — ( /O e~ =721 —t)512dt> + /0 e~ @ 272 (1)1 724t) x / e~ @t (1) 24t

0

Finally, define

flt,z) = e m=F1—1)F

B
glt,z) = e dtF(1-1)F L

so that dwdg(f) has the same sign as

(/ ft,z)g(t, x dt> (/ At dt> </ (t,a:)dt) > 0 (Cauchy-Schwartz inequality).

We conclude that ¢ ( ) > 0 for all z. It follows that

dm* O™ Oz ou "
du  dx 8u<0 oz =S (@) <0.

We deduce that for all u € [0,1], —% < 1 — 5. Then, integrating this relationship and using

1 1
the fact that f’(u) ~ Koufm, we find that for all u € [0,1], f'(u) < Kou '-P2, which implies that

B
flu) < 2 1K0u522 .

Properties of Value Function F.
Pl: F, >0, F50 <0. F(W,M) = f(u) —uf'(u) = J(x) > 0. Then Faro(W, M) = “—A;f"(u) <0

P2: 8f ( ) < 0. Let cr, > cp, given. Let F' denote the value function that corresponds to parameter
CF;, © = 1, 2. Using the HJB satisfied by F!, it is easy to check that F' satisfies:

To/N\OO
F'(Wo, My) = max Ey U e (e, — e )Wy [(F1) (ur) — 1] dt + cp, Widt + kdMy)]
0

™

s.t. th = (7” — CF2>Wtdt + (M - T)WtWtdt + athtdwt — (k‘ — Z)th

Recall we established that (f1)(u;) =z > 1. As (cp, — cp)We [(f1) (w) — 1] > 0, we deduce that

F' > F?. Finally, since (1 +4)f(1) = (1 + k)x* — 1, we deduce that gci; = 11112 85;(;) <0.m
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P3: 2 < and 2 > 0. Recall that

H — zH), H}
flu) =~ 2(%(;) % = ‘Hf&)y
Fixing v > 0, we have
Of(w) _  [Ha(z) — aHy(x)| Hy(2") 0x™  wHy(x) Ox
Ok [Hj (%)) Ok Hj(x*) Ok
) R = () o
Rearranging terms and simplifying, we find that 82(:) = HT}Z)(Z%(]I;)% < 0. Similarly, %(Z.“) =

Ha (@) Hj (a")
[H3(a")]

Process x. Recall that for u; < 1,

ox*
i >0.m

(=) f'(u) ], =7 f(w)
o2 f"(uy) dt o f"(u)

dwt .

dug = |(r — cp)up —
Since u; = —J'(x), formally writing
dzy = pig,dt + o4, dwy,

and applying Ito’s lemma for z; > z* leads to
1
du; = — <J”(:):t),umt + 2J"’(xt)a?ct> dt — J"(x4)0y,dwy.

Identifying the drift and the diffusion terms from the budget constraint, and using the fact that

xr = f'(ur), ug = —J' (x) and f"(ug) = —m, we find that
Oxy = _N _ T.’L't
o
—r)2 o2
—(r—cp)J'(x) + (v 027’) ai " (x)) = —J" () e, — %J/”(l‘t).

Then, recall that function J is solution of (6), so differentiating both sides of (6) and rearranging

terms yields

)2 )2
(r—cp)J' () =[(0+35 —r+cp)x —cp)|J"(z) + (MOQ)xJ"(a:) + ;%2):1:2]”(:17).

Given what precedes, this implies that we must have

poy =0+ —7+cp)r—cp.m
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% < 0and % > 0. Recall that function Hy is independent of parameters (k, ) and that u =

Fixing u, we have

Hy(x)
Hy(z*)

on* _ 87r*67x
ok ox Ok . ) ) )
= %7; %%ﬁ <0 as %7; > 0 and %”2 <0.
Similarly ,
G “;f;g))@gi >0as 2T > 0and 2 5 0. m
Appendix D

Appendix D1

Revenue Decomposition.

(0 +0)gr(@) = [0+ 0 =7+ cr)a — cp)lgp(z) + 53

2
L szy”(w),

Recall that for z > x* functions g satisfies the following ODE

k (19)

with lim g = 0. The solution of (19) that vanishes when x goes to oo is given by
(0.9]

_AkHQ(CC)

W= gy

where Ay > 0 is a constant to be determined and recall that — 5/2((;*))
2

fe() = gx(a™) = —A;[Zif;)
vy g9k@)  AgH(z")
) = =) = Hw)

As (1+k)fi(1) = k+ (1 +1) fx(1), solving for constant Ay, leads to

A = o)

. (z*) .

k
H,
7
2

To show that indeed Ay > 0, recall that

Hy(z)

@2(]") = k(al‘ - 1)H2(IE)

+1+3,
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with ¢o(2*) = 0 and ¢, (z*) < 0. We have

H(x) Hl(x) Hl(z) Hi(x)
L) = ka=—2 + k(az —1)=2 — k(ax —1)=2 27
P20 =Ry 0T D gy MO Vi) (e
Then, using the fact that ps(z*) = 0 leads to
H’(x*) ) H”((IZ*) ) H’(x*)
hz*) = ka—=2 - i) =2 +(141)=2
Hy (") Hj(z")  Ha(z") :
— —(k+1 1 k 1 =k+1
ey | Vg T e | s ket LR
which indeed implies that Ay > 0 as ¢4 (2*) < 0 and —gg((;:)) < 0. Next, observe that
AkH/ (a:)
/ _ 2 —_A 1" '
Finally, as 7*is decreasing in u, we have 1 < u(]{:,((z)))Q (f"(u) + uf"(u)), which implies that f;’ < 0.
Finally
Ji(u) uf'(u)
= Ap(1 - )
f) M )

Using relationship (17), we find that limif((i)) = 1‘:1%2, so in particular Ay < 1 — Bo. Furthermore,
o

observe that
fu) _ Hya)
uf'(u) zHj(z)

+ 1.

Following the same steps as for 7* as for P.2. in Appendix C, one can show that function A with A\(x) =

—xli é((f)) is increasing in x. Since, J;f((qf)) =73 j\’“(x), we deduce that % {J;f((;‘))} = gx [];’“((5))] X g—i >0 as
9 | fr(w) oz
%[f(u)} <0Oand 57 <0.m

Appendix D2

Expected Time until next HWM Hit. Let f(x,a) = Ele”%"] be the Laplace transform of the

Ry
hitting time 7, for xg =2 > 2* and a > 0. Set ag =0 + 35 —r + cp, a1 = cr and agzé("a;) , so that

Z—g =1-— 31— B2 and Z—; = A. For x > x*, function f is a smooth function that satisfies the following
ODE for

af(z,a) = (apx — a1) f1(z,a) + a2x2f11(1:, a),

with f(z*,a) =1 and li_)m f(x,a) = 0. The solution is given by

x )52,a fol e‘%t*ﬁmﬁl(l _ t)ﬁl’adt

f(x,a) = ( " )
xz f[)l e_%t_ﬂla_l(l — t)ﬁl,adt
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where 31, and B2 , are respectively the positive and negative roots of the quadratic @), with

Qa(y) = a2y2 + (ao — az)y —a.

Observe that as a goes to 0, we have

a

and 52 a

~ .
ap — a9 0 ag — a2

B1,a ¥ B1+ B2 —

It follows that E[r] = —tho. Note that

L 1 A [N 1 LA
62,,1/ e~ w tPraTl(1t)Predt = —/ e~ w tPra(1—t)frat dt—(ﬁl,a—ﬁg,a—i—l)/ e~ w tPra(1—t)Pragr.
0 T Jo 0

We are now ready to take a Taylor expansion of order 1 in variable a around a = 0.

A [ g Bro+1 P 8
LA e A (L — )Pt gt — (Bry — Boa+1) [ e Nt Pa(l - f)Prads
x Jo 0
A 1

_ %0
= 2 Fa-pten- 2
x Jo apg — az

2 ! _a
S )/ - ) i(l—
0

The term of order 0 is given by

In[t(1 — ¢)])dt

In[t(1 — t)]> dt.

ap — az

1 . —
0

whereas the term of order 1 is given by

a x/ole—?fut)ﬂl% [<W+1+51+62) ln[t(lt)]JrQ} dt.

apg — az

Let denote
1 _
Alz) = / e T (1 —t)Pithe [1 + (A(lt) + 61+ B2 + 1> 1Dt] dt.
0 T
1 a1t a, —_
_ / ¢ mn(1—t) T w {1+ (al(lt) +2- a0> lnt] dt.
0

asx as

It follows that

a T -1+ aof@A(I)
f(xz,a) = <1+a0—a21n:1:*> (_1+ - A(x*)>+0(a)

ap—az

(ln % + A(z") — A(x)) + o(a).
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We deduce that )
E 1 i + A(z*) - A(z)) . m
[T] (ﬁl 52)% 02) ( o ( ) ( ))

Appendix E: Large Drawdown Prohibited
Appendix E1: No Management Fee cp =0

Proof of proposition 3. Set 2" = f/(a) and =¥, = f/(1). We want to show existence and unique-

ness of the following system S

a = _BIKI( **),31 1 BQKQ( **)ﬁz 1
0 = BB — VK1) + Ba(Be — 1) Ka(afy)
1 = —BiK(a})" ™ = By (af)

k—1 k

1+ZZ.CUZ = ?‘{'Kl( 2P+ Ko(ah)P

with 0 < ¥, < z}*. Combining relationships (20) and (21) leads to

1 -5

wk\f1—1

Ko (@a) B1(B1 — 52)a <0
sk B2 —1 _ Bl -1

Ka(we) Ba2(B1 — 52) =0

Then, combining relationships (22) and (23) leads to

R = 5o |+ e 2
v 1 k—i . Bik

Then set w = ;ﬁ < 1. Eliminating constants K7 and K», we find that

[e73

1- /82 * B1—1 k * BQk
— = — 1
5 ar,T (B2 + 1)l + T
Bi—1 . 51 k « bk
S — Z pr— 1 - .
ﬁQ a'roz (/61 + )xa 1 +Z

Eliminating z7, yields
a[(1 = Bo)@™ !+ (B = V@™ = 1 — fa.

For z € (0, 1], define auxiliary function ® with

(z) = a (1= B)2" 7 + (B = 1)=P7) = (81 - Ba).

51
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® is a continuously differentiable function with
O'(2) = a(l — Bo)(B1 — 1)2%2 (251*52 - 1) <0 for all z € (0,1).

Hence, ® is strictly decreasing with lir+n<I> =o0 and ®(1) = (a — 1)(51 — f2) < 0. We conclude that &
0

has a unique root w in (0, 1) than is independent of k. Furthermore, totally differentiating relationship

(24) with respect to « leads to

(1= B~ 4 (B~ N 4 @/ () o

=0
oo ’

so we can conclude that %—Z > 0. We still need to check the condition z}, > 0 or equivalently

1-5 1
1+1+5—2—ﬁ1ﬁ2aw51 > 0, i.e.,

Bi((k—i)B2+1+14) —a(l — B)(1 +i)=” ! <0.

a(1+i)(1-B2)
w > w*, or equivalently ®(ww* A1) > 0. We find that

* /8261k

T T B (k- )t 1+1) —a(l—P)(l+i)wh 1

Set w* = [M V0 T > 0. It is easy to verify that above condition is met whenever

At uw =1, we have (1 4+ k)f'(1) =k + (1 +0)f(1 ) and recall that a, = f'(1). As clearly f(l) <0, we
obtain that % < 0. Then, as o} = ==, we get < 0 and, we can recover constants K 1 and K.
Since K1 = B we deduce that 6K1 < 0. Finally observe that

—f2
~ sy ()

o =1 BB = DKz T 4 Ba(Ba — 1) Ko !
o? Br1EK a1 + By Koxh2—1

e, L P2 Ko
— p~ 61—1 (51 52)51[{1 (f/(u))51*52 + Bo Ko

which is increasing in v as f' >0, K1 <0 and Ky > 0. m

% < 0. Recall that u = —B1 K121 — By Ky2%271, so, fixing u, we have

1 0x leﬁl—l% + 523:62_1%

zda  Bi(fr — 1)EK1zP1—1 4 By(By — 1) KaaP2—1’
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Since 7* = —7W = £° (ﬁl(ﬁl — 1)Kz ¢ Ba2(B2 — l)Kgxﬂrl) , it follows that

o™ p=r B 0K, Pl . 0K P21
e = o7 <5 Br—1)—— 9o + B2(B2 —1)—— 9
+ (B1(B1 — 12K 12771 4 Bo(Be — 1)2K213ﬂ2_1)) %g%

(1 — r)zPr+P2=1 BBy (81 — B2) (B2 — 1)K2’3K1 (B — 1K, 6K2)
o?u —B1(B1 — 1)K 1xP1 — By(Be — 1) KoxP2 '

Since —B1(B1 — 1)K12% — Ba(B2 — 1)KazP? = —2%J"(z) < 0, we conclude that ‘9” has a constant

sign, independent of w. Then

o= MU (51(ﬁ1—1)K1( 2P Bo(Br — 1) Ka(ah) 1)

N B2k k—i * Bik
= -1 |- 1 -1 1 —
22 By = 5 <ﬂ1(51 )[ (521+ + 1)z}, + T } + B2(B2 — 1) [51(1+ + 1)af, T3
k 1 k—1 + Bs—1
&52 ( _ b1+ B2 ) _
1+ix} Y B1B2
It follows that aﬂl = 61 Bg o (:1:1 5 a > <0, as 3‘2} < 0. The desired results follows. m

Imposing f,(a) =0 instead of 7*(«) = 0. This is the condition imposed in Lan, Wang and Yang
(2012). Condition (21) is now replaced by Jo(25") + azl* = 0. We find that

1—
Ey(zg) ™ = 5 %2 <0
~1
2(33;;*)62_1 = —6511_ 6204 < 07

and using condition (22) leads to

a[(1 = B2)Bi™ ™t + (B1 — 1) o™ 1] = By — o,

X
where w = i

U(z) =« ((1 — 52)512&71 + (p1 — 1)522’52*1) —(B1 — B2).
¥ is a continuously differentiable function with
W'(2) = a(l - B2) (B — 12572 (B2 = By) > 0

Since lién\IJ = —00, ¥(1) = (a— 1)(f1 — f2) < 0 and lim¥ = oo, we deduce that ¥ admits a unique
o

root strictly greater than 1, so we must have w > 1, i.e., 2}, > x3*. Furthermore, since K; < 0 and

Ky < 0, this implies that for all z in (2}, z}), we have J/(z) > 0, ie., for all u > a, f(u) > 0.

Value function f, is globally convex and thus cannot be solution of equation (14). In order to have a
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well-defined optimization problem (4), a leverage constraint is necessary such as for instance 7 < Tpax,

with mpax > 0, which optimally shall always binds. m

Appendix E2: General Case. We want to show that system (S)

a = —KiHj(z})— K2Hy(xy)
= K\H{(z})) + KoHy (x7))
1 = —K{Hi(z},) — KyHy(x},)
k(azh —1) = Ki(1+i)Hy(2%) + Ko(1 + i) Ha(x?), with a = " -
0 <z} <ai*. Solving for K; and K we find that
K (1 +4)Ha(x}) + k(ax?, — 1)Hb ()
' (1+4)W(Hy, Ha)(x,)
o — (14 i)Hy(22) + k(az?, — 1)H(x})
? (1+ i)W (Ha, Hy) ()
aH”(x**)
Ky = — L 0
! W (H], Hy)(x5)
OZH”(.T**)
Ky, = e 0
2T W], Hy) ()
(14 4)Ha(z}) + k(ax), — L)Hj(zh) aHY (xF) (25)
(1+19)W (Hz, H1)(x}) W(H7, Hy)(w}r)
(1+d)Hy(xy,) + k(ax), — 1)H{(23) aHy (x})) (26)
(1 +Z)W(H2,H1)($Z) W(HLHé)(xZ*)

(1414)Ho(x},) + k(ax), — 1)Hy(x))  Hy

(14 i)Hy(z}) + k(axt, — 1)Hj(z)  HY
Note that function ®3 where ®o(x) = (1 4 i)Ha(x) + k(ax — 1)H,(x) = Ha(x)p2(z) is the product
of two (strictly) decreasing functions that are positive on (0,z*). Then set ®; where ®1(z) = (1 +
i)Hy(x) + k(ax — 1)H{(x) = Hyi(z)p1(x) with

E"”f: ) (27)

Hl(l'

~—

o1(z) = (1+1)+ k(ax — 1)

~—

Following the exact same steps as in Appendix B and using the expressions for H; and Hj, one can

show that function ¢ is (strictly) increasing with lim ¢1(z) = (k—14)81+14¢ > 0 and ¢;(x) v —%.
Tr—00
We deduce that ¢ has a unique root ] ; and note that x7 . < 1. We conclude that ®; is increasing

and positive on (z}, ,00). It follows that ® = %ﬁ is decreasing and positive on (z7;,,x*) that takes

value in (0, 00). Then, observe that function % is a decreasing and positive function. By the Implicit
1

Function Theorem, we can write =}, = ¥(z}*), where ¥ is a positive increasing function, independent

min

of a, that takes value in («7, ,2*) with im¥(z) = 2}, and lim ¥(z) = 2*. We look for a fixed point
z—0 T—00
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T of W. Using relationship (27) and rearranging terms, we find that Z must satisfy
(1+ 1) [Ha(z)HY (7) — H1(Z)H3 (T)] = k(ax — )W (H], H))(T).

Using the fact that function H; and Hy are solutions of the (6) and the property of the Wronskian

yields
k—1

k 9

(1 + Z) [(1 — B1— B2)T — A] = k(af— 1)B162, with a =

which leads to ]
A1 +14) — kB S2

(1491 —=p1—P2) — (k—1i)B1B2

The condition (k — )82 + 1+ i < 0 implies that the denonimator of the above fraction is positive,

(28)

T =

so indeed T > 0. Therefore ¥ has a unique fixed point. Then, as ® is decreasing and ®(z) > 0,

*k

»*, we shall restrict our

®(x*) = 0, it must be the case that T < z*. Since we are looking for z}, < z
attention to

T <z, <z"and T <z

We already know that for o = 0, the solution is (z¥,2%*) = (2*,00). Next, we show that for a = 1,
the solution is z}, = 22* = Z. It is enough to that check z}, = z* = T satisfy relationship (25) when
a = 1, which is indeed the case. Then, manipulating relationships (26) and (25) to eliminate the term

k(ax} — 1) leads to
W (H, Hy)(xg") = o [Hy (a3 ) Hy (a7,) — HY (x3") Hy(x7)] -

Fix z > 7, and for T < y < z, consider auxiliary function G(y;z) = HY (x)H{(y) — HY (x)H,(y). G is

a smooth function of y with
G'(y; @) = Hy(x)H{ (y) — Hy (2)H3 ().

Notice that G(z;2) = W(H], H))(x). We want to show that G’ < 0, or equivalently that function R

with R(2) = 17

is decreasing. We have

W (HY, Hy)(2)
[HY (2)]
B1Ba(Br — 1)(B2 — 1) *W (Hy, Hy)(2)

— 0.
H{(2) =

R(z) =

It follows that, given x > T, function I" with I'(y;x) = ggzig is strictly increasing for y < x and

takes value in [0, 1]. Thus the equation I'(y; ) = a has at most one root. Finally, consider auxiliary

function
A: [T,00) — R
x = D(U(x);x).
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We have A(Z) = 1 and

—B1 B NP2 BIT(—By)D(By + 1)e™ = pfitFe—3

lim A(z) = lim

T—00 T—00 Hé,(SC)Hi(-T*) - Hi,($)Hé($*)
i —ﬁ1ﬁ2A’82_61F(—52)F(B1 + 1)6_%;13/51-‘1-52—3
T a0 —Hy(2*)B1(B1 — 1) AP2=Prphr=2
— 0,

as f2 —1 < 0 and where we have used the fact that ¥(Z) = 7 and lim¥ = z*. By the Intermediate
o0

Value Theorem, we deduce that the equation A(z) = «, with a < 1 has (at least) one root. Given

what procedes, it has at most one root, so the root is indeed unique. Finally, to show that J is strictly

convex, it is enough to show that for all 2}, < z < z*, we have
Ki1HY{(z) + KoHY (z) > 0,

or equivalently

H”(J?)
K+ Ky—2"2 >0,
1+ QH{’(x)
which is indeed the case as function g—% is a decreasing and K + KQ% =0.m
1 1 @

Fund Manager Compensation Decomposition. Recall that g (z) = —J/(z)f,(u) and fi(u) =

gk (x) so the boundary conditions at x = z, and z = x* are

A H(237) + Ay Hy(277) = 0
—(1+k) [Ap Hi(23) + Ae,Hy(3)] = Jo(ag) (k+ (14 1) [Ap, Hi(23) + A, Ho(27,)]) -

Solving for (Ag,, Ag,) yields the results.

Appendix F
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Table Al. Benchmark Regressions, Alternative Specifications.

The dependent variable in columns 1-6 is the change in standard deviation of monthly returns during
the 6 months that follow the aniversary of each fund's inception date relative to the previous 6
months. The first three columns only consider funds with inception in January, columns four through
six includes all. The dependent variable in column 7 is is the standard deviation of monthly returns
during the 12 months that follow the aniversary of each fund's inception date. The sample in column 7
includes only the funds with neither incentive fee nor HWM provision. Distance to HWM is the value
of the fund divided by the HWM minus one, that is, it corresponds to 0 when the fund is at the HWM
and decreases as the fund moves farther away from it. All variables are winsorized at the 1% level.
Standard errors are robust to heteroskedasticity and clustered at the management firm level.

Significance levels: * p<0.05, ** p<0.01, *** p<0.001

Change in Risk Risk
Risk t-1 -0.335%*** _0.343*** -0.346%** -0.356%** -0.359*** -0.358***
(0.018) (0.018) (0.018) (0.010) (0.010) (0.010)
Distance to HWM -0.038*** -0.018*** -0.018*** (0.041** -0.042
(0.012) (0.006)  (0.006)  (0.020)  (0.046)
Underwater 0.009***
(0.002)
Rank t-1x 107 -0.002** -0.004**
(0.001) (0.002)
Management fee 0.004***  0.004***
(0.002)  (0.002)
Incentive fee 0.001*** 0.001***
(0.000)  (0.000)
Distance to HWM x Management fee -0.01 -0.023
(0.008)  (0.023)
Distance to HWM x Incentive fee -0.002**  0.000
(0.001) (0.000)
Log age (years) 0.004*
(0.003)
Return t-1 0.054***
(0.015)
N 8133 8133 8133 35552 35552 35552 4652
R-sqr 0.334 0.337 0.336 0.228 0.23 0.23 0.742
Strategy fixed effects YES YES YES YES YES YES YES
Fund fixed effects NO NO NO NO NO NO YES
Year fixed effects YES YES YES YES YES YES YES
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